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Introduction 



The aim of our work is a classification of Lie groups acting isometrically and 
locally effectively on Lorentzian manifolds of finite volume as well as providing 
a detailed investigation of compact homogeneous Lorentzian manifolds whose 
isometry groups have non-compact connected components. 

Symmetries play an important role in geometry and other disciplines. In 1872, 
Klein proposed in his Erlangen program a way how to characterize the classical 
geometries (for example, Euclidean geometry and Hyperbolic geometry) by using 
the underlying group of symmetries. In addition, symmetries are fundamental in 
theoretical physics, where they are related to conserved quantities. Symmetries 
are also relevant in architecture and biology. 

In semi-Riemannian geometry, symmetries correspond to isometries. The study 
of isometry groups is of great interest, regarding the structure of these groups 
as well as the way they act on the manifolds. Semi-Riemannian manifolds may 
allow only one isometry, but they are easier to investigate if the isometry groups 
are large, in the sense that they are acting transitively on the manifolds. In this 
case, we speak about homogeneous manifolds. A homogeneous manifold is very 
symmetric, that is, the manifold looks the same regardless from which point on 
the manifold it is viewed. Classical examples for homogeneous spaces are the 
Euclidean and Hyperbolic space. 

The Riemannian case is well understood. The isometry group of each compact 
Riemannian manifold is itself compact, and conversely, any compact Lie group is 
acting isometrically and effectively on a compact Riemannian manifold. In the 
Lorentzian case, it turns out that this is not true anymore: There are compact 
Lorentzian manifolds whose isometry groups are non-compact. 

D'Ambra showed that the isometry group of a simply-connected compact real 
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analytic Lorentzian manifold is compact ( |DA88j ) . It is not yet clear whether the 
analyticity is necessary. Later, Adams and Stuck ( jAdSt97a] ) as well as Zeghib 
( |Ze98aj ) independently provided an algebraic classification of Lie groups that act 
isometrically and (locally) effectively on Lorentzian manifolds that are compact. 
More generally, Zeghib showed the same result for manifolds of finite volume. We 
will mainly follow the approach of Zeghib to prove Theorem [21 where we recover 
the results of |AdSt97a] and |Ze98aj . Also, we use ideas from |AdSt97a] and own 
ideas. 

Theorem [2] states that if a Lie group G is acting isometrically and locally effec- 
tively on a Lorentzian manifold M = (M, g) of finite volume, then there exist Lie 
algebras i, a and s, such that the Lie algebra of G is equal to the direct sum 
t © a © s. Here t is compact semisimple, a is abelian and s is isomorphic to one 
of the following: 

• the trivial algebra, 

• the two-dimensional affine algebra aff(R), 

• the {2d + 1) -dimensional Heisenberg algebra f)e^, 

• a certain {2d + 2)-dimensional twisted Heisenberg algebra f)e^ (A G Z^), 

• the two-dimensional special linear algebra sl2(R.). 

Furthermore, in the latter two cases, if G is contained in the isometry group of 
the manifold, the subgroup generated by s has compact center if and only if the 
subgroup is closed in the isometry group. 

Zeghib's approach has the advantage, that in contrast to [AdSt97aj . the clas- 
sification is more descriptive and also works in the case of manifolds of finite 
volume. In Chapter [H we introduce the Lie algebras of Lie groups occurring in 
Theorem [2] and give examples of isometric actions. Moreover, we introduce a 
certain symmetric bilinear form n on isom(M), the Lie algebra of the isometry 
group of (M, g). For X,Y e isom(M), 



u 

Here X, Y are complete Killing vector fields corresponding to X, Y and f/ is a 
Isom(M)-invariant non-empty open subset of M, such that \g{X, Y)\ is bounded 
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on f/ by a constant depending only on X and Y. We give an example in Sec- 



tion II. 3[ that the restriction to an open subset of the manifold in the definition 
of K, is necessary. We will give a proof of the important Proposition II. 16[ which is 
also due to Zeghib, but was only indicated in |Ze98aj . It shows that we can find 
such an open set. Thus, the symmetric bilinear form k exists and is well-defined. 
Note that k induces in a canonical way a symmetric bilinear form on the Lie 
algebra g of a Lie group G acting isometrically and locally effectively on M. 



K is ad-invariant and fulfills the so called condition (-k) A symmetric bilinear form 
b on the Lie algebra g of a Lie group G fulfills this condition, if for any subspace 
V oi g, such that the set of X & V generating a non-precompact one-parameter 
group in G is dense in V, the restriction of 6 to x is positive semidefinite 
and its kernel has dimension at most one. 

In the case of k, this property is finally shown in Corollary 11.211 using dynamical 
methods like the Poincare recurrence theorem or the Fiirstenberg lemma. 



Condition {-k) is the main tool for proving Theorem [TJ Theorem [T] describes the 



algebraic structure of connected non-compact Lie groups G, whose Lie algebras 



possess an ad-invariant symmetric bilinear form k, fulfilling condition (^-k) The 
structure of the Lie algebras is exactly the same as the one in Theorem [21 as well 
as the statement about the center of the subgroup generated by s. We correct 
the claim formulated in |Ze98aj . that the subgroup generated by s has compact 
center. Counterexamples of this are given in Propositions 13.191 and 13.241 

Theorem [2] follows in the case that G is a closed subgroup of the isometry group 
of M from Theorem [TJ For non-closed subgroups, we encounter the problem that 
one-parameter groups may be non-precompact in G, however precompact in the 
isometry group. With the consideration of these groups in Section 13. 6[ we fill a 
gap in |Ze98aj . 

It turns out that k is either Lorentzian (which leads to the cases that s is iso- 
morphic to the two-dimensional special linear algebra or a twisted Heisenberg 
algebra), positive definite (which yields the case that s is trivial) or positive 
semidefinite with one-dimensional kernel. In the latter case, if s is not trivial, we 
obtain that s is isomorphic to either a Heisenberg algebra or the two-dimensional 
affine algebra, depending on whether the radical of g is nilpotent or not. 

Our main results are stated in Chapter [2l Although we do not go into the details 
of the proof of Theorem [3l we will mention it, because it gives a characterization 
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of Lie groups which can be the entire connected component of the isometry group 
of a compact Lorentzian manifold. On the level of Lie algebras, all algebras of 
Theorem [2] but the two-dimensional affine algebra appear. The missing steps of 
the proof can be found in |AdSt97b"] and |Ze98b] . 

Chapter [3] is devoted to the proof of Theorem [1], which is the main ingredient for 
the proof of Theorem [21 The algebraic Lemma 13.31 (that describes elements of a 
Lie algebra generating a precompact one-parameter group in terms of the adjoint 
action) is quite powerful and allows us to obtain several results in a different way 
than it was done in |Ze98a] . Examples are Lemma 13.51 stating that almost all 
one-parameter groups in a non-compact nilpotent group are not precompact, and 
Prop osit ions 13 . 1 61 and 13 . 17\ which together show, that in the case that the radical 
of G is compact, s = s[2(lR). 

Since the proof of Theorem [2] in |Ze98aj relies on Theorem^ the statements about 
the subgroup generated by s in Theorems [2] and [3] are also different here. Because 
our counterexamples do not apply for these theorems, it would be interesting to 
see whether the original statements are still true or whether one can also find 
counterexamples for them. 

Theorem m which was only stated and shown in its general form in jAdSt97a] . 
says that if the manifold M is compact, the subgroup generated by s in The- 
orem [2] acts locally freely on M. This result is important for the geometric 
characterization of compact Lorentzian manifolds in Theorem [5] (which is due 
to Zeghib). This theorem considers the case that the Lorentzian manifold M 
is compact and s is isomorphic to the two-dimensional special linear algebra or 
to a twisted Heisenberg algebra. If s = s[2(R), M is covered isometrically by a 
warped product of the universal cover of the two-dimensional special linear group 
and a Riemannian manifold A^. Else, if s = [)c^, M is covered isometrically by 
a twisted product S y<z{s) N of a. twisted Heisenberg group 5* and a Rieman- 
nian manifold N. Similarly to Theorem [H we state and prove Theorem O in an 
adapted version that takes the case that the center of 5* might be non-compact 
into account. Furthermore, we show in Proposition 11.131 (ii) that the invariance 
of a Lorentzian scalar product on a twisted Heisenberg algebra under the adjoint 
action of the nilradical (what Zeghib called essential ad-invariance) is equivalent 
to ad-invariance, in contrast to the result of |Ze98aj . 

The proof of the last two theorems is done in Chapter |H For the proof of The- 
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orem HI we follow the algebraic approach of jAdSt97a] and differ only in details. 
The proof of Theorem [5] relies on the work of Zeghib. In our work, we give a more 
detailed description and correct some steps of the proof. For example, the hori- 
zontal space in Proposition 14.151 (ii) (showing that S x N M is a. submersion) 
is different than in |Ze98aj . as well as the proof of Proposition 14.201 (showing that 
the corresponding metrics on S are bi-invariant). 

The idea behind the proof of Theorem O is considering the orbits S of the action of 
S, the subgroup in Isom(M) generated by s. The orbits have the same dimension 
as S, because S acts locally freely by Theorem HI It turns out that if s = 3(2 (R) 
or s = fie^, the orbits have Lorentzian character everywhere on M. This allows 
us to consider the distribution O orthogonal to S. In the case that s = 3(2 (R), 
O is involutive. If 5 = [)e^, O + Z is involutive, where Z denotes the distribution 
defined by the orbits of the center of 5*. In both cases, the involutive distribution 
defines a foliation by the Frobenius theorem. We choose to be a leaf of this 
foliation and furnish it with the metric induced by the metric of the ambient 
space (M, g) and an arbitrary Riemannian metric on Z orthogonal to O. 

Regarding homogeneous Riemannian manifolds, it is well known that they are 
geodesically complete. Marsden showed that the same is true for compact ho- 
mogeneous semi- Riemannian manifolds ( |Ma73] ) . Note that there exists a ho- 
mogeneous Lorentzian space which is not geodesically complete (cf. |ON83] . 
remark 9.37). Additionally, each homogeneous Riemannian manifold that is 
Ricci-flat is also flat, but certain Cahen-Wallach spaces, which all are symmetric 
Lorentzian spaces, are Ricci-flat and non-fiat. It is not known whether at least 
all Ricci-fiat compact homogeneous Lorentzian manifolds are fiat. 

In Chapter we provide a detailed analysis of compact homogeneous Lorentz 
spaces M, especially of those whose isometry groups have non-compact connected 
components. We start by presenting a topological and geometric description of 
them in Theorem El which is also slightly different than the corresponding result 
of Zeghib. Essentially, it shows that if the isometry group of M has non-compact 
connected components, M is covered isometrically either by a metric product of 
the universal cover of the two-dimensional special linear group and a compact 
homogeneous Riemannian manifold A^, or by a twisted product S y<z{s) N of a 
twisted Heisenberg group S and a compact homogeneous Riemannian manifold 
A^. A^ is constructed in the same way as in the proof of Theorem [51 
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Theorem [7] shows what was originally stated in jZe98a] . namely that the connected 
components of the isotropy group are compact. We give an elegant proof using the 
ideas of Adams and Stuck in the proof of Theorem HI Moreover, it turns out that 
every compact homogeneous Lorentzian manifold has a reductive representation 
defined in a natural way. For this representation, the induced bilinear form n 
plays an essential role. 

Homogeneous pseudo-Riemannian manifolds of constant curvature were studied 
extensively in |Wo61] . Using a slightly different reductive representation than 
in Theorem [TJ we are able to describe in Section 15.31 in detail the local geome- 
try of compact homogeneous Lorentzian manifolds whose isometry groups have 
non-compact connected components, in terms of the curvature and holonomy of 
the manifold. We also investigate the isotropy representation of the manifold, 
our result concerning a decomposition into (weakly) irreducible summands being 
summarized in Theorem [HI 

Our results of Section [5]3] directly yield the proof of Theorem [9] which states that 
the isometry group of any Ricci-flat compact homogeneous Lorentzian manifold 
has compact connected components. Together with two results in [PiZelOj and 
[RoSa96j . it follows that the isometry group of any Ricci-flat compact homoge- 
neous Lorentzian manifold that is non-fiat, is in fact compact. 

In the appendix, we give a short presentation of the complete Jordan decompo- 
sition. The main result is important for our proof of Proposition 13.171 
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Chapter 1 

Lie groups acting isometrically 
on Lorentzian manifolds 



This chapter is devoted to introduce notations and prove elementary theorems 
which we will use for the classification of Lie algebras of Lie groups acting iso- 
metrically and locally effectively on a Lorentzian manifold of finite volume. In 
Section ILH we describe isometric actions of Lie groups and give several Lie al- 
gebraic results focussing especially on compactness properties. We continue in 
Section [TT^ by describing all the Lie algebras which appear as a direct summand 
in the Lie algebras we classify as well as giving examples of isometric actions of 
the corresponding Lie groups. Finally, we define in Section 11.31 a certain sym- 
metric bilinear form k on Lie algebras, which will be essential for our proof of 
Theorem |2] that is stated in Chapter [21 

1.1 Definitions and basic properties 

Let M = (M, g) be a semi-Riemannian manifold of dimension n. We will consider 
only connected smooth real manifolds without boundary. The metric g defines 
canonically a Lebesgue measure /x on M. Then the volume of M is defined as 



The assertion of finite volume allows us to integrate bounded functions, which 
will be crucial for defining the ad-invariant symmetric bilinear form k on the 
Lie algebra of the isometry group Isom(M). We explain this in more detail in 



vol(M) := fi{M) 




M 
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Section 11.31 

All Lie groups and Lie algebras will be real and finite-dimensional. Unless oth- 
erwise stated, all actions of Lie groups are smooth. 

Definition. Let G be a connected Lie group, which acts isometrically on a semi- 
Riemannian manifold M. In this case, there exists a Lie group homomorphism 
p : G Isom(M). The group action will be denoted by ■. The action is locally 
effective, if the kernel of p is discrete in G. If the kernel is trivial, the action of 
G on M is effective. In this case, we can consider G as a subgroup of Isom(M) 
and as a subalgebra of isom(M), the Lie algebra of the isometry group. 

The action is locally free, if there is a neighborhood of the identity element in G 
acting without fixed points on M. If all elements of G but the identity are acting 
without fixed points on M, the action is free. 

Remark. We will usually suppose that the action of G is locally effective. Note 
that in the situation above, the kernel of p is then a discrete normal subgroup 
and therefore central in G. It follows that p : G ^ p{G) is a covering map, so 
when investigating the Lie algebra g, we may assume the action to be effective. 
In either case, we identify a group element f E G with the isometry p{f), which 
allows us to speak about the differential df := dp{f). 

The following proposition is a classical result which allows us to identify isom(M) 
with Hllc{M), the Lie algebra of complete Killing vector fields, as vector spaces. 
One can find a proof in [UN83j . Proposition 9.33. 

Proposition 1.1. Let M be a semi-Riemannian manifold. Then the mapping 
i5om(M) ^ H[lc(M) defined by X ^ X , X{x) := |(exp(tX) ■ a;)|(=o, is an 
anti-isomorphism of Lie algebras, that is, [X,Y] = —[X,Y]. 

Let 0{M) denote the bundle of orthonormal frames in M. It is well known 
that for any x G M, the mapping 0^ : Isom(M) — )■ 0(M), which is defined 
by / >— {dfx{si), . . . , dfx{sn)) for a fixed orthonormal basis {si, . . . , s„} in the 
tangent space (T^M, g^), is an embedding of the isometry group into the bundle of 
orthonormal frames. If M is a compact Riemannian manifold, 0{M) is compact 
(since the fiber is the orthogonal group 0{n), which is compact) and therefore, 
Isom(M) is a compact Lie group. Conversely, any connected compact Lie group 
G acts on a compact Riemannian manifold isometrically and effectively. We 
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can simply take M = G as a manifold and provide it with any left-invariant 
Riemannian metric. 

For the following, one can find a proof in |Se92j . Part I, Chapter VI, Paragraph 4, 
Corollary 1. 

Lemma 1.2. Let q be a Lie algebra and x its radical, that is, the largest solvable 
ideal with respect to inclusion. Then there exists a subalgebra [, which is trivial 
or semisimple, such that g = [ € r zs a semidirect sum. This decomposition is 
called Levi decomposition. 

The first part of the following proposition is due to [Got49j . Lemma 4. A proof 
of the second part one can find in |Vir93] . Proposition 4.2. Note that the second 
part implies the first one. 

Proposition 1.3. The following is true: 

(i) Let G be a Lie group and H a connected semisimple Lie subgroup. If H has 
finite center, H is closed in G. 

(a) Let G be a Lie group and H a connected semisimple or nilpotent Lie sub- 
group. If H is not closed in G, the center of H is not compact. 

Definition. A Lie algebra g is reductive, if its radical is equal to its center 3(g) 
(cf. |OnVin94] . Chapter 1, Paragraph 3.5). 

Proposition 1.4. A Lie algebra g is reductive if and only if Q = [g, g] ©3(g) is 
a direct sum with [g,g] trivial or semisimple. 

Proof. Assume that g is reductive. By Lemma fL2l the Levi decomposition yields 
the direct decomposition g = t © 3(g) with [ trivial or semisimple. Clearly, 

[0,0] = [t, q = t. 

Now let g = [g, g] ©3(g) be direct. The radical intersects [g, g] in a solvable ideal. 
But [g, g] is trivial or semisimple, so this intersection is trivial. Since the radical 
is the largest solvable ideal and the center of g is solvable, it follows that the 
radical is equal to the center. □ 

Definition. A Lie algebra g is compact, if it is isomorphic to the Lie algebra of 
a compact Lie group G. 
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The following proposition is a standard Lie algebraic result. One can find a proof 
in |Bo05] ■ Chapter IX, Paragraph 1.3, Proposition 1 (for various characterizations 
of reductive algebras, see |Bo89j . Chapter I, Paragraph 6.4, Proposition 5). 

Proposition 1.5. For a Lie algebra g, the following are equivalent: 
(i) g is compact. 

(a) g possesses a positive definite symmetric bilinear form b which is ad-invari- 
ant, that IS, b{[X, Y],Z)= b{X, [Y, Z\) for all X,Y,Z eg. 

(Hi) g is reductive and the Killing form of g is negative semidefinite. 

Corollary 1.6. A Lie algebra g is compact semisimple if and only if its Killing 
form is negative definite. 

Proof. It is well-known that g is semisimple if and only if its Killing form is non- 
degenerate. Also, a semisimple algebra is reductive. The claim now follows from 
Proposition IL5I □ 

Corollary 1.7. Subalgebras of compact algebras are itself compact. 

Proof. This follows directly from Proposition 11.51 using (ii). □ 

Corollary 1.8. Ifg is compact, g = [g, g]©3(g) is a direct sum with [g, g] compact 
semisimple. 

Proof. Use Proposition 11.51 (iii) to see that g is reductive and Proposition II .41 and 
Corollary 11.71 for the direct decomposition. □ 

The following lemma one can find for example in |On93] . Part I, Theorem 2.12. 

Lemma 1.9. If G is a connected abelian Lie group, then it is isomorphic to the 
additive group a m- dimensional torus T"^ and a m' -dimensional 

vector space R™' . 

The next result is a classical one due to |Iw49j . Theorem 4. 

Lemma 1.10. A compact normal abelian subgroup in a connected topological 
group is contained in its center. 



1.2. Examples 



5 



1.2 Examples 



Theorem [2] that is stated in Chapter [2] describes the structure of the Lie algebra of 
a Lie group acting isometrically and locally effectively on a Lorentzian manifold 
of finite volume. It is isomorphic to a direct sum t © a © s, where t is compact 
semisimple, a abelian and s is either trivial, the two-dimensional affine algebra, 
the two-dimensional special linear algebra, a Heisenberg algebra or a twisted 
Heisenberg algebra. In Section 11.2.11 we begin the description and investigation 
of these Lie algebras with the summand €©a and continue with the other algebras 
in the order we listed them in the last sentence. 

1.2.1 Product with a compact Riemannian manifold 

Let (M, g) be a Lorentzian manifold of finite volume and (A^, h) be a compact 
Riemannian manifold. Then M x N with the product metric gxh is a. Lorentzian 
manifold of finite volume and Isom(M) x Isom(A^) C Isom(M x A^). 

Thus, if H is any connected compact Lie group and G a Lie group acting iso- 
metrically and (locally) effectively on some Lorentzian manifold of finite volume, 
so H X G acts isometrically and (locally) effectively on a (in general different) 
Lorentzian manifold of finite volume. Due to Corollary II. 8[ the Lie algebra of 
H X G is given by the direct sum € © a © 0, where q is the Lie algebra of G, € is 
compact semisimple and a abelian. 

1.2.2 Two-dimensional affine algebra 

The two-dimensional affine group Aff(R) is the group of orientation preserving 
affine transformations of the real line. It is centerless, simply-connected and 
isomorphic to the identity component of the group of upper triangular matrices 
in the two-dimensional special linear group SL2(R). Thus, we can identify its Lie 
algebra aff(R) as the subalgebra of 5l2(R) spanned by 



[X, Y] = Y. Note that the Killing form of off (R) is positive semidefinite and the 
kernel is exactly the span of Y. 




X corresponds to the infinitesimal generator of the scaling transformations and 
Y to the infinitesimal generator of the translations. They satisfy the relation 
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Considering Aff(R) as a subgroup of SL2(R), an isometric and locally effective 
action on a compact Lorentzian manifold is given by restricting the action of 
SL2(R) given in the next paragraph. 

1.2.3 Special linear algebra 

The two-dimensional special linear group SL2(R) is the matrix group consisting 
of all real 2 x 2-matrices of determinant 1. 

We can consider its Lie algebra st2(R) as the subalgebra of the general linear 
algebra gl2(R) that is spanned by 

f := i I and h := 

V V 

They satisfy the relations [e, /] = h, [h, e] = 2e and [h, f] = —2/ and therefore 
form an st2-triple (cf. |OnVin94] . Chapter 6, Paragraph 2.1). 

Definition. A triple {e, /, h} of elements in a Lie algebra q satisfying [e, /] = h, 
[h, e] = 2e and [h, f] = —2/, is called an sl2-triple. 

sl2(R) is a simple Lie algebra. Its Killing form k in the ordered basis (e, /, h) is 
determined by the matrix 

/O 4 0\ 

4 
\0 8/ 

and defines a Lorentzian scalar product. 

Since the Killing form is ad- invariant, k defines a bi-invariant Lorentzian metric 
on the universal cover SL2(R). Thus, it passes to a Lorentzian metric on the 
centerless quotient group PSL(2, R), on which SL2(R) and any central quotient 
group acts isometrically and locally effectively by left multiplication. The same is 
true for a quotient PSL(2, R)/A, where A is a uniform lattice, that is, a cocompact 
discrete subgroup of PSL(2, R). Such a lattice exists (cf. [EiWallj . Lemma 11.12). 

1.2.4 Heisenberg algebra 

The Heisenberg algebra [)e^ of dimension 2d+l, > 0, is spanned by the elements 
Z, Xi, Yi, . . . , Xd, Yd. The non-vanishing Lie brackets are given by 

[Xk, Yk] = Z, 
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k = 1, . . . ,d. A Lie algebra g is isomorphic to a Heisenberg algebra if and only if 
its center 3(g) is one-dimensional (spanned by Z) and there is a complementary 
vector space V G g and a non-degenerate alternating bilinear form u, such that 
[X, y] = u{X,Y)Z for all X,Y E V. To see this, simply notice that there is a 
symplectic basis {Xi, Yi, . . . , X^, Yd} of V, that is, 

oj{Xk, Yj) = 6jk and X^) = = uj{Yk, Yj) 

for all j and fc. 

Definition. A set {Z, Xi,Yi, . . . , Xd,Yd} of elements in a Heisenberg algebra 
fulfilling the same relations as above, is called a canonical basis. A Heisenberg 
group is a Lie group with Lie algebra f)e^. 

The Heisenberg algebra is two-step nilpotent. Let He^ denote the simply- connect- 
ed Lie group with Lie algebra f)e^. As a matrix group, He^ can be represented as 
the set of {d + 2) x (d + 2)-matrices 



/l 


X 







Id 


y 







V 



where x and y are real row and column vectors of length d, respectively, 2; G R and 
Id is the d X d-identity matrix (cf. |GorWi86] . Definitions and Notation 2.1 (a)). 
The center is isomorphic to R. Let A be a (uniform) lattice of the center (iso- 
morphic to Z) and consider the quotient group He^/A. This quotient is up to 
isomorphism independent of the choice of A. 

Definition. The quotient He^/A is denoted by He^. 

The Heisenberg groups He^ are subgroups of some twisted Heisenberg groups 
explained in the next paragraph. The universal cover He^ is a subgroup of some 
twisted Heisenberg group as well. Therefore, an isometric and locally effective 
action on a compact Lorentzian manifold is given by the corresponding restriction 
of the action given in the next paragraph. 

1.2.5 Twisted Heisenberg algebras 

Let A = (Ai, . . . , Xd) G M!^, d > 0. The corresponding twisted Heisenberg algebra 
f)e^ of dimension 2(i + 2 is spanned by the elements T, Z, Xi, Yi, . . . , Xd, Yd and 
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the non-vanishing Lie brackets are given by 

[-^fc,^fc] = ^kZ, [T,Xk] = AfcYfc and [T, F^.] = —X^X^, 

k = l,...,d. Thus, ^)e^ = RT € ()Crf is a semidirect sum, where ^)e^ can be 
identified with the subalgebra spanned by Z, Xi,Yi, . . . , X^, Y^. 

Definition. A set {T, Z, Xi,Yi, . . . , Xd, Y^} of elements in a twisted Heisenberg 
algebra fulfilling the same relations as above, is called a canonical basis. A twisted 
Heisenberg group is a Lie group with Lie algebra f)c^. 

Now let He^ be the simply-connected Lie group with Lie algebra f)e^ and let 
exp : [)e^ — >■ He^ be the exponential. Then He^ = exp(RT) x He^, where He^ can 
be identified with exp(l)e^). 

For all k, the subspace := span {Xfc, Yfe} is adr-invariant and the action of 
adtT on Vfc defined by the ordered basis (X^, Y^) is described by the matrix 

-tXk\ 
tXk J' 

t G R. Therefore, the action of Adexp(tT) = exp(adtT) on the space Vk corresponds 
to the matrix 

/cos(tAfc) -sin(tAfc)\ 
ysin(tAfc) cos(tAfc) J 

Also, adr acts trivially on the center of P)e^. 

If A G Q^, then A' := ker(expoad : RT Aut([)c^)) is a (uniform) lattice in 
RT. As in ll.2.4[ let A be a lattice of the center of He^. 

Definition. Let A G Q^. Then He^ := He^/(A' x A). In an analogous way, we 
define := He^/A'. 

Remark. We have He^ ^ k He^ and ^ x H^. 

By construction, acts trivially on the center of He^ and as a rotation on the 
subgroups generated by Vk. We will see in the sequel that the universal cover 
He^ cannot be a closed subgroup of the isometry group of a Lorentzian manifold 
of finite volume, but He^ can. 

Lemma 1.11. Let A,?7 G R^^. Then f)e^ = if and only if there is an a G R+, 
such that {Ai, . . . , A^} = {arji, . . . , arjd} as sets. 
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Proof. We first prove the backward direction. Let {T, Z, Xi, Fi, . . . , X^, Yd} and 
{T' , Z' ,X[,Y{, . . . ,X'^,Ylj} be canonical bases of and f)e2, respectively, a 
denotes the permutation of {1, . . . ,d} such that = arja^k)- Then the linear 
map / : f)e^ ^ f)e^ defined by 

f{T) = aT', f(Z) = -Z', /(X,) = and /(n) = y;(,) 

is an isomorphism of Lie algebras. 

For the forward implication, let {T, Z, Xi,Yi, . . . , X^, Y^} be a canonical basis of 
Then 

I) := [g, q] = span {Z, X,, n, . . . , X^, Y^} ^ t)e, and 3(0) = RZ = [[), [)] 
do not depend on the choice of the basis. The same is true for 
a := {X e q\ [X, q] n 3(0) = {0}} = 3(0) + RT. 

Now fix T' G o\3(0). Then T' = aT + bZ for real numbers a,b; a ^ 0. Thus, 
ady' = aadr- It is easy to see that ad^ is semisimple. Hence, there is an adr- 
invariant vector space V complementary to the ad-r-invariant subspace a. It 
follows that V = span {Xi, Vi, . . . , X^, Yd}. 

adr is an automorphism of V and has the eigenvalues A^i with respect to the 
invariant eigenspaces Vk := span {Xk,Yk}, k = l,...,d. Thus, adx' is also an 
automorphism of V and has the eigenvalues aA^i with respect to the invariant 
eigenspaces Vk := span {Xk,Yk}, k = 1, . . . ,d. So we have shown that the set 
{Ai, . . . , Ad} is determined up to multiplication with a positive real number a. □ 

Corollary 1.12. The isomorphism classes o/He^, A G €1'^, are in one-to-one- 
correspondence with the set Z^/ ~, where A ~ if and only if there exists a G 
such that 

{Ai,...,Ad} = {a?7i, . . . ,a%} . 

In the following, we will describe compact Lorentzian manifolds, on which He^ 
acts isometrically and locally effectively. 

Proposition 1.13. The following is true: 

(i) A twisted Heisenberg algebra f)e^ admits an ad-invariant Lorentz form. 
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(ii) Any ad-invariant Lorentzian scalar product on l)e^ is determined by two real 
parameters a,l3, where a > 0. Moreover, ad(f)e^)- and ad{[)t'^)-invariance 
are equivalent. 

(Hi) Conversely, if the Lie algebra of a semidirect product x He^ or k He^, 
respectively, admits an ad-invariant Lorentz form, then KHe^ or xHe^, 
respectively, is a twisted Heisenberg group. 

(iv) Up to finite index of the lattices, there is a bijective correspondence between 
lattices in a twisted Heisenberg group ik Hea and lattices in the subgroup 
He^, which are equivalent to lattices in He^. Also, up to finite index of 
the lattices, there is a bijective correspondence between lattices in a twisted 
Heisenberg group x He^ and lattices in the subgroup He^. 

Proof, (i) Let {T, Z, Xi,Yi, . . . , Xd^Y^} be a canonical basis of [)e^ and define 
V:= span {X,, ¥,,..., X,,Y,}. 

We define the symmetric bilinear form (■, ■) by 

{Z,Z) 

{X„X,) = 

{Z,Xk) = {Z,Yk) = (T,Xfc) = {T,Yk) 
for all j,k = 1, . . . ,d, and 

(T, Z) = a and (T, T) = /3 

with two real parameters a, (3, where a > 0. Then (-, ■) is a Lorentzian scalar 
product. We have to show, that 

{[W,XIY) + {X,[W,Y]) = (ad) 

holds for all W,X,Y G f)e^. By linearity, it suffices to check Equation pidll for 
the canonical basis elements. 

Consider W = T. ad^ is trivial on span {T, Z} and by construction, ad^ restricted 
to V := span {Xi, Yi, . . . , Xa, Yd} is a skew-symmetric matrix with respect to a 
canonical basis. Thus, (ladp is satisfied. 

If W = Z, then flad|l is satisfied since Z lies in the center. 



= 0, 
= 5jka, 
= 0, 
= 0. 
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Now let W eV. If X,F G f^c^, then [W,X] and [W,Y] lie in the center, which 
is orthogonal to \i X = Y = then (ladp follows from the fact that T is 
orthogonal to V 3 [VF, X], [PF, F]. For symmetry reasons, it therefore suffices to 
check the equation for X ^ T ,Y = T . 

In the case X = Z, we can use that Z lies in the center and is orthogonal to V . 

liW = Xk and X or 1^ = Yfc and X X^, then [W,X] = and 

[W, Y] e RW is orthogonal to X, where W = Yk or W = Xk, respectively. 

Finally, we consider W = Xk and X = Yk or W = Yk and X = X^. Then 

{[W, X], r) + (X, [W, Y]) = {±XkZ, T) + (X, T\kX) = ±\ka T A^a = 
and we are done. 

(ii) As above, we choose a canonical basis {T, Z, Xi, Fi, . . . , X^^, y^^} of f)e^. Let 
V := span {Xi, Yi, . . . , Xd-, Yd} and (■, ■) be an ad([)e^)-invariant Lorentzian scalar 
product on f)c^. Then Equation fladl) holds for all X, F G ()e^ and G f)e^. 

Let X = Xfc, y = Yfc. Equation pidl) yields 

(Xfc, Z) = for = Xfc and (n, Z) = for = Y^. 
This is true for any k. If we choose W = Xk, X = Yk, Y = Z, we obtain 

{Z,Z)=0. 

For X = T,Y = Xj and W = Xk, we get for all j, k that 

{Yk,X,) = 0. 

X = T,Y = Xj and W = Yk, k^ j, yields for all j k that 

(Xfc,X,) = 0. 

In the same way, for all j ^ k, 

{Yk,Y,) = 0. 

Choosing X = T,Y = Xk and W = Yk in Equation fladl) . we obtain for all k that 

{Xk,Xk) = {T,Z). 
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Analogously, for all k we have 

(n,n) = (r,z). 

Thus, (•, •) is determined by the two real parameters a :— (T, Z) and /3 :— (T, T). 
Since (•, •) is Lorentzian, a > 0. 

(iii) Now let {T, Z,Xi,. . . , Yd} be a canonical basis of the Lie algebra of the 
semidirect product K He^ or K Hed, respectively, meaning that T is a gen- 
erator of the S^-factor and {Z,Xi, . . . , Yd} is a canonical basis of the Heisenberg 
subalgebra. Denote by (■, ■) the ad-invariant Lorentz form. 

Let ttkZ and bkZ be the Z-components (with respect to the canonical basis) of 
[T, Xfc] and [T, F^], respectively. Define 

d 

T' ■.^T + Y,{o.kYk-hXk). 

k=l 

Then adr' is an endomorphism of the subspace V, which is defined as above. 
Since 

{[Xk,Yk],X) = {Xk,[Yk,X]) = 
for any canonical basis element X oi V and all k, 

{Z,X)^0 

for all X G i)td- Because (•, •) is a Lorentz form, (•, •) restricted to V x is 
positive definite and 

a:- {T',Z)^0. 
Passing to —T' instead of T' if necessary, we may suppose a > 0. 
We have 

{[T',Z],X)^{T',[Z,X])^0 
for all X & \:)td and using the adr'-invariance, also 

{[T',Z],T') = -{Z, [T',T']) = 0. 

Thus, 

[T', Z] = 0. 

Let u be the non-degenerate alternating bilinear form on V defined by the relation 

[X,Y]^u{X,Y)Z. 
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With respect to an (-, ■)-ortho normal basis of V, u corresponds to a skew-symmet- 
ric matrix Q. Q has no kernel. Choose an eigenvector X & V of the symmetric 
matrix fi^. Then {nX,X} = and 

U := span {X, ilX} 

is fi- invariant. Furthermore, for any A G t/"*", 

{nA,B) = -{A,nB) = 

for all B E U, so Lf-^ is fi-invariant. Clearly, the operator is still skew-self- 
adjoint. Proceeding by induction, we find an (-, ■)-ort honor mal basis 6i, . . . , 
such that for j < k, u{bj, hk) = 0, unless j = 21 — 1, k = 21. Thus, without loss of 
generality, we can choose {Xi, Yi, . . . , Xd, Yd} to be an (-, ■)-orthogonal basis. 

Using {[r,X],Y) = (T', [X,Y]) = u{X,Y)a, 

ol ol 
[T',X,] = TTT^n and [T',n] = - ,^ ^ . X,. 

For any parameters r]i,...,r]de R+, the basis |z, r/iXi, ^Fi, . . . , r]dXd, ^Yd^ of 
[)Cd fulfills the same Lie bracket relations as a canonical basis. Let us choose 



Vk 

for k = 1, . . . ,d. Then for all k, 



{Yk, Yk) 
{Xk, Xk) 



{r]kXk,r]kXk) = {—Yk, —Yk). 

Vk Vk 

Without loss of generality, we can choose the basis {Z, Xi, Yi, . . . , Xd, Yd} in such 
a way that {Xk,Xk) = {Yk,Yk) holds for all k. With 

\ " 



{Xk, Xk) ' 

[T',Xk] = XkYk and [T',Yk] = -XkXk. Xk > since a > 0. 



Because of the S^-factor in the semidirect product, all quotients ^ have to be 
rational. The claim now follows from Lemma 11.111 

(iv) The nilradical of the twisted Heisenberg group He^ = xHe^ is the subgroup 
Hcrf. A theorem of Mostow states, that if F is a lattice in a connected solvable 
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Lie group R with nilradical A^, so is F fl a lattice in (cf. jOnVinOO] . Part I, 
Theorem 3.6). If we apply this to our situation, we obtain that given a lattice F 
in He^, F fl He^ is a lattice in He^. Since He^ is cocompact in He^, any lattice 
in He^ is also one in He^. Obviously, F fl He^ has finite index in F. The same 
argumentation remains true if we replace He^ by He^. 

If we consider the universal cover vr : He^ — )■ He^, then 7r~^(F) is a lattice in 
He^ if F is a lattice in He^. Conversely, let F be a lattice in He^. By |Ra72j . 
Proposition 2.17, C fl F is a lattice in C, where C is an element of the ascending 
central series of He^. Choosing C = Z(B.ed) to be the center of He^, we see 
that F' := Z(B.ed) fl F is a lattice in the center. Thus, F projects to a lattice of 
Hcrf = H^rf/F'. □ 

Remark. In [GorWi86] . Theorem 2.4, a classification of all uniform lattices in 
Hcrf up to automorphisms of He^ is given. Note that any lattice in the simply- 
connected nilpotent Lie group He^ is uniform (cf. |OnVinOO] . Part I, Chapter 2, 
Theorem 2.4). 

The uniform lattices are classified up to automorphism of He^ by the lattices F^, 
constructed in the following way: Let r = (ri, . . . , r^) G Z^^, such that rj divides 
Tj+i for all j = 1, . . . , c/ — 1. In the matrix model of He^ given in Section ll.2.4[ 
Tr consists of all {d + 2) x {d + 2)-matrices 



/I 


X 







Id 


y 







V 



such that z ^Ti, the row vector x = (xi, . . . , Xd) has the property, that Xj G r^Z 
for all j = 1, . . . , (i, and the column vector y has integer entries. 

From the proof of the third part of Proposition I1.13[ we see the following: 

Corollary 1.14. Let (-,■) he a positive definite scalar product on V, where V 
is a vector space complement to the center HZ in f)e^. Then there exists a 
canonical basis {Z, Xi, Yi, . . . , X^, Yd}, such that {Xi, Yi, . . . , Xd, Yd} G V is 
(■, ■) -orthogonal. 

As a consequence of the fourth part of Proposition II. 13^ a twisted Heisenberg 
group He^ or He^ admits a uniform lattice A, since He^ has a uniform lattice. 
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For example, in the matrix representation given in Section [1231 a uniform lattice 
is given by x and y having integer entries and z & 1i. 

Note that by a theorem of Mostow (cf. |Mo62j . Theorem 6.2), for a solvable Lie 
group G and a closed subgroup H C G, G/H is compact if it has a finite invariant 
measure. Thus, any lattice A in He^ or He^, respectively, is uniform. 

Any ad-invariant Lorentz form on the Lie algebra given in Proposition 11.131 (i) 
gives a Lorentzian metric on He^/A or He^/A, respectively, such that He^ or He^, 
respectively, acts isometrically and locally effectively by left multiplication. 

1.3 Induced bilinear form on the Lie algebra 

Let M = (M, g) be a Lorentzian manifold of finite volume and /i the correspond- 
ing Lebesgue measure on the manifold. We consider a connected Lie group G 
with Lie algebra g acting isometrically and locally effectively on M. 



According to Proposition [LT] and the preceding remark, X,Y E Q correspond to 
Killing vector fields X,Y in M. 

Definition. In the situation above, let U he a. G-invariant non-empty open subset 



of M, such that for any X,Y E Q, 



< C for all X E U, where C is 



g{X,Y){x) 

a constant depending only on X, Y. Then k is the induced bilinear form on g 
defined by 

k{X,Y) := [ g{X,Y){x)dfx{x). 



u 

Lemma 1.15. In the situation above, the following is true: 

(i) For any f E G and X E g, df{X{x)) = Ad/(X)(/ ■ x) for all x E M. 

(a) K is Ad-invariant, that is, K(Ad/(X), Ad/(F)) = k{X, Y) for all f E G and 
X,YEg. 

(Hi) K, is ad-invariant. 
Proof, (i) By definition of X, we have: 

rf/(x(x)) = -(/-(exp(tX)-x))|i=o 

= ^((/exp(tX) r^)/-x) |,=o 
= Ad7(X) if-x). 
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(ii) By the first part and because G acts isometrically, 

K (Ad/ {X) , Adf {¥)) = I g (^Ad^),M^)) (x) d/. (x) 

u 



u 



g(df{X),df{Y)) {r^.x)dii{x) 

g{X,Y) iy)df,{y) 



u 



^k{X,Y). 

(iii) By the second part, for any X,Y, Z e g we have: 

Ki[X, Y],Z) = n(^^ (Ade.p(tx)(l^)) |*=o, 
d 

= ^ («;(Adexp(tX)(>"),^)) \t=0 

d 

= ^'«(^>Adexp(-tX)(^))|t=0 

^-k{Y,[X,Z]). □ 

In the case that M is compact, we can simply take U = M. But in general, this 
is not possible for a semi-Riemannian manifold of finite volume. 

Example. Consider M = with cylindrical coordinates (r, 99, z) on M\ {0} 
and the Lorentzian metric 

g(r,>f,z) = f{rfdr^ + r'^dif^ - exp{-2z^)dz^ . 

Here / : R+ — >■ R+ is a smooth function with /(r) = 1 if r < 1 and /(r) = if 
r > 2. It follows that g extends to a Lorentzian metric on the whole of M. 

The volume form of M = (M, g) is determined by 

dvol = r/(r) ex:p{—z^)drdipdz. 
Hence, the volume of M is 

vol(M) = / r/(r) exp{—z'^)drd(pdz 



M 
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oo 

2T\\fn J rf{r)dr 



i\ + J rf{r)dr + ^ j < 



is acting isometrically and effectively on M: 6' G corresponds to the isometry 

dip 



{r,(p,z) I—)- {r,(p + 9,z). Thus, ^ is a Killing vector field corresponding to an 



element of the Lie algebra of S^. g(r,ip,z) = Therefore, 

g I -— , — — 1 dvo\ = / f (r) ex'p(—z'^)drdipdz 



M ' M 




+ 00. 



The given example can be easily generalized to higher dimensions and different 
signatures of the metric. 

We will now show that an open set U as required in the definition of k, always 
exists in our situation. The idea of the proof is due to Zeghib, but was not 
mentioned in [Ze98aj . 

Proposition 1.16. Let M = {M,g) be a semi-Riemannian manifold of finite 
volume and G a connected Lie group with Lie algebra g acting isometrically and 
locally effectively on M. Then there is a G-invariant non-empty open subset 
U C M, such that for any X,Y ^ g, g{X, Y){x) < C for all x eU , where G is 
a constant depending only on X,Y. 

Proof. We consider the Gauf5 map Ga : M — S'^q, which maps a; G M to the 
symmetric bilinear form bx defined by 

bx{X,Y)=gx{X{x),Y{x)). 

G acts from the left on M through isometrics and on S'^Q through the adjoint 
representation: 

if-b){X,Y) :=b{Adj-^{X),Adj-^{Y)) 
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for any f E G^h E S'^Q. Using the first part of Lemma [1.15[ we obtain: 

bf.,{X,Y)=gf.,{X{f-x),Y{f-x)) 

= gM-\X{f ■ x)),df-\Y{f ■ x))) 

= (Ad^X) (x) , Ad^Y) (x) ) 
= (/-%(X,F). 

Thus, Ga is G-equivariant. If the image of Ga consists of only one point, we are 
done. So suppose the image of Ga consists of more than one point. Let Ga(/i) 
denote the push-forward of the Lebesgue measure /i on M under the GauB map. 
Ga(yu) is G-invariant. 

S'^Q is a real vector space and G acts linearly on S'^q, that is, the action of G is 
associated to a representation g : G ^ GL(S'^0). The representation 

P(^) : G GL{S^q) PGL{S^q) 

results in an action of G on the projective space P(S'^0). 

The GauB map induces a G-equivariant map M P(^^g). Let A denote the 
push-forward of ^. A is a G-invariant finite measure on P(S'^g). Without loss of 
generality, we may assume that vol(M) = 1, so A is a probability measure. 

It turns out that the Fiirstenberg lemma is quite powerful in situations like our. 
One can find a proof in |Zi84j . Lemma 3.2.1. For convenience, we will formulate 
only a special case of it, which is sufficient for our purposes. 

Lemma 1.17. Let X be a probability measure on m"^. Consider a sequence 
{^m}m=o of projective transformations leaving A invariant. Then at least one of 
the following statements is true: 

(i) {Tm}^=o ^'^ ^ precompact sequence in PGL(n, R). 

(a) There exist linear subspaces V,W G R.^, 1 < dim V, dimly < — 1, such 
that the support of X is contained in P(V) U P(Vr). 

The lemma applies to our situation considering a sequence {fm}m=o elements 
of G acting on P(S'^g). Suppose we are in the case (ii) of lemma [T.17I If one 
of the subspaces V, W is contained in the other, we may ignore this subspace. 
Then the support of A is contained in say P(l^). Because A is G-invariant and G 
is connected and acts by projective transformations on P(5'^g), the subspace V 
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is G-invariant if V is chosen minimal with respect to inclusion. Analogously, if 
the support of A is contained in P(l^) U P(iy) and neither V W nor W V, 
V and W are G-invariant if they are chosen minimal with respect to inclusion. 
Thus, we can apply the Fiirstenberg lemma also to V and W instead of S'^q. 

By induction, we may suppose that the support of A is contained in the union 
F{Vi) U . . . U P(Vfc) with G-invariant subspaces Vj C S'^g, 1 < dim Vj < dim S'^q, 
no subspace is contained in another and applying lemma 11.171 to one of the Vj 
results in the case (i). Additionally, we suppose that all the Vj are chosen minimal 
with respect to inclusion. Note that we assume the image of Ga to consist of more 
than one point, so A; > 0. 

The action of G on Vj is associated to the map Qj : G GL(V^) induced by q. 
Let Tij : GL(V^) -> PGL(V^) denote the canonical projection. By assumption, 
TTj{gj{G)) is precompact in PGL(V,). 

The push-forward of the Lebesgue measure on M under vr-' oGa : M — > S'^g Vj, 
TT^ : S^Q — )■ Vj being the canonical projection, is denoted by Xj and is a G-invariant 
probability measure. Assume that tidy^ € Qj{G), for some real t with |t| ^ 1. 
Since gj{G) is a subgroup of GL(V^), for any m G Z+, there are tm,t'^ G R such 
that tmidvj,t'^idvj G gj{G) and < |t| < ^, \t'\ > m. 

But Xj is G- invariant, so one easily follows that the measure is concentrated 
on G Vj, contradicting the minimality of Vj with respect to inclusion. Thus, 
tidv, G Qj{G) only if \t\ = 1. Hence, the kernel of T^jlg^^c) contains at most 
two elements. Therefore, since Trj{gj{G)) is precompact in PGL(Vj), gj{G) is 
precompact in GLiVj). 

In summary, we have shown that G acts precompactly on Vi U . . . U V^, which 
contains the support of Ga(yu), that is, there is a compact group K C GL(S'^g) 
and a group homomorphism g : G ^ K, such that for all f E G, 

^'(/)|supp{Ga(/i)) = ^(/)|supp{Ga{/i))- 

Let G be an i^-invariant bounded open subset of S'^g intersecting Ga(M) non- 
trivially (for example, G is the i^-orbit of an open ball containing an element of 
the image of Ga). Let Uc '■= Ga~^(G) and U be the G-orbit of Uc- Since G is 
open, Uc and hence U are open as well. Also, U is G-invariant and non-empty. 
Because G is i^'-invariant, 

Ga.{U) n supp(Ga(/i)) = Ga(f/c) n supp(Ga(/i)). 
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Since Ga(/i) is the push-forward of n, it follows that U\Uc is a set of /^-measure 
zero. Thus, Uc is dense in U. 



By construction, for any X,Y E q, 



9{X,Y){x] 



is bounded uniformly on Uc- 



Since Uc is dense in U, it is also bounded uniformly on U. □ 

The proof of Proposition 11.161 yields the following corollary of the Fiirstenberg 
lemma: 

Corollary 1.18. Suppose that a connected Lie group G is acting continuously 
and linearly on a real vector space V and is preserving a finite measure fi on 
V . Then G acts precompactly on the support of fi, that is, there is a Lie group 
homomorphism g : G ^ K, K G GL(l^) a compact subgroup, such that for all x 
in the support of fi, f ■ x = g{f ){x). 

Our next aim is to show a certain non-degeneracy condition of k, which will allow 
us to classify the possible Lie algebras q of Lie groups acting isometrically and 
(locally) effectively on Lorentzian manifolds of finite volume. The key point is 
that k(X, X) > if X G isom(M) generates a non-precompact one-parameter 
group in Isom(G'). 

Proposition 1.19. Let M = {M,g) be a Lorentzian manifold of finite volume. 
If X & isom(M) generates a non-precompact one-parameter group in Isom(M), 
then X is non-timelike everywhere, that is, g{X , X){x) > for all x G M. 

Proof. It suffices to show, that if for the generator X G isom(M) of a one- 
parameter group {v'^jjgR of isometrics the corresponding vector field X is some- 
where timelike, then {v^^j^gj^ is precompact. 

{v'^iteR preserves the Lebesgue measure fi on M. By assumption, /i(M) < oo, 
so without loss of generality, is a probability measure. As a consequence of the 
Poincare recurrence theorem, /i-almost all x G M are recurrent with respect to 
(cf. |BrSt02] . Proposition 4.2.2), that is, for //-almost all x G M there is a 
sequence {tfcj^Q C R, such that tk — )■ oo and ip^''{x) — )■ x as A; — oo. 

The set T of points, where X is timelike, is non-empty and open. Thus, there 
is a recurrent x G M such that 5'(X,X)(x) < 0. Let {tfcj^o ^ sequence of 
real numbers, such that tk — )■ oo and x^ := (/9*'=(x) — )■ x as A; — )■ oo. Without loss 
of generality, x^ G V for all k, where V" is a precompact neighborhood of x such 
that for all y in the closure of V, X{y) is timelike. 
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Now transform for all points of T the Lorentzian metric g into a Riemannian 
metric h by changing the sign along X (the metric on X-^ remains the same). 
Then {v^^ltgR also preserves h (at the points where it is defined). Hence, 

Wd:= max ^^-IMMlMM = i. 
" " veT^M\{o} {v,v) 

Recall the mapping 0^ : Isom(M) — )■ 0(M) defined by / {dfx{si), . . . , dfx{sn)) 
for a fixed orthonormal basis in the tangent space [T^M^gx)- Let 

K C 0{M) denote the set of orthonormal frames, such that the base point lies 
in the closure of V and for all j = 1, . . . , n, the /i-norm of the jth vector of each 
frame in K is bounded by the /i-norm of Sj. K is compact and by construction, 
((/J**) G K for all k. Therefore, {v^^'^j^g precompact in Isom(M). 

Let L be the closure of {v^'j^gj^ in Isom(M). As a connected and abelian group, L 
is isomorphic to T"^ x R™' by Lemma [TT^ Since the one-parameter group {v^'j^gj^ 
lies dense in L, L is either isomorphic to a torus or to the real line. But 
{V2*''}^0 precompact, so L is a torus, meaning that {v^^j^gR is precompact. □ 

Lemma 1.20. Let M = {M,g) be a Lorentzian manifold of finite volume and V 
a subspace of \50xn{M) , such that for all X & V, X is non-timelike everywhere. 
Then the restriction of the induced bilinear form k, to VxV is positive semidefinite 
and its kernel has dimension at most 1. 

Proof. By assumption, X is lightlike everywhere on the open set U used in the 
definition of k, if X G is ^-isotropic. So if is a totally ^-isotropic subspace 
of V and x E U, then := |x(x)|X G is a totally isotropic subspace of 
{TxM,gx). Since g is Lorentzian, dimPV^. < 1 for all x Elf. 

Thus, it suffices to show, that if two Killing vector fields X, Y are linearly depen- 
dent on each point of some arbitrary open set U, then one is a multiple of the 
other. 

If one of the Killing vector fields vanishes on an open set, then it vanishes every- 
where. So let Y = aX 7^ on a connected open set U' , a a smooth function on 
U'. Denote by V the Levi-Civita connection of M. Since X, Y are Killing vector 
fields, VX and VY are skew-self-adjoint. Therefore, 

= giVzY, Z) = daiZ)g{X, Z) + ag{VzX, Z) = da{Z)g{X, Z) 
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for any vector field Z on U'. Since X{x) 7^ for all x G f/', X{x)-^ is a subspace 
of codimension 1 in T^M. Thus, the set of vectors in T^M not orthogonal to 
X{x) is dense in T^M. It follows that da{Z) = for all vector fields Z on U'. 
Thus, (7 = (Jo is constant on U'. Since X — aoY is a Killing vector field and 
vanishes on an open set, X = cqY on M. □ 

Corollary 1.21. Let M = (M, g) be a Lorentzian manifold of finite volume and V 
a subspace ofisoxn{M), such that the set of X & V generating a non-precompact 
one-parameter group of isometrics is dense in V . Then the restriction of the 
induced bilinear form k to V x V is positive semidefinite and the dimension of 
its kernel is at most one. 

Proof. The claim directly follows from Proposition 11.191 and Lemma 11.201 □ 

Note that in general, the induced bilinear form k, is not a Lorentz form. But it 
turns out that in the case of a non-compact connected component of the identity 
in the isometry group, k is either Lorentzian or positive semidefinite and the 
dimension of its kernel is at most one. 
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In this chapter, we describe the main results of our studies. We start with stat- 
ing the relevant theorems concerning the structure of the Lie algebras of Lie 
groups acting isometrically and locally effectively on a Lorentzian manifold of 
finite volume in Section 12.11 In Section 12. 2^ we continue in giving a geometric 
characterization of compact Lorentzian manifolds admitting isometric and effec- 
tive actions of a cover of PSL(2, R) or of a twisted Heisenberg group. This will be 
relevant for the description of compact homogeneous Lorentzian manifolds with 
such an action and the investigation of their geometry in Section 12.31 

2.1 Algebraic theorems 

The key theorem providing the classification of the Lie algebras is the following 
algebraic result: 

Theorem 1. Let G be a connected non-compact Lie group. Assume there is 
an ad-invariant symmetric bilinear form k, on its Lie algebra q that fulfills the 
following non- degeneracy condition: 

{-k) Let V be a subspace of g, such that the set of X & V generating a non- 
precompact one-parameter group in G is dense in V. Then the restriction of k 
to V X V is positive semidefinite and its kernel has dimension at most one. 

Then g = t©a©s is a n-orthogonal direct sum of a compact semisimple Lie algebra 
t, an abelian algebra a and a Lie algebra s, which is either trivial, isomorphic to 
aff(R), to a Heisenberg algebra i)t^, to a twisted Heisenberg algebra f)e^ with 
A e Z^, or tos[2(R). 
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Furthermore, the following is true: 

(i) If 5 is trivial, k, is positive semidefinite and its kernel has dimension at most 
one. If s is non-trivial, k, restricted to a x a and i x t is positive definite. 

(a) Let s = aff(R). Then the restriction of k, to s x s is positive semidefinite 
and its kernel is exactly the span of the generator of the translations in the 
affine group. 

(Hi) Let 5 = [)e^. Then the restriction of k to 5 x s is positive semidefinite and 
its kernel is exactly the center of i)t^. 

(iv) Let 5 = f)e^. Then k restricted to s x s is a Lorentz form. The subgroup 
in G generated by s is isomorphic to He^ or He^, if it is closed in G or 
not, respectively. Moreover, the abelian subgroup generated by a® 3(s) is 
compact. 

(v) Let 5 = s[2(K.). Then n restricted to s x s is a positive multiple of the 
Killing form of s. The subgroup in G generated by s is isomorphic to some 
PSLfc(2,R), the k-covering ci/PSL(2, R), if and only if it is closed in G. 
Moreover, the abelian subgroup generated by a is compact. 

Remark. For both cases s = sl2(R) and s = f)e^, A G Z^, there exists a con- 
nected non-compact Lie group G and a symmetric bihnear form k on its Lie 



algebra g fulfilhng condition (-k) , such that g = s © R and the subgroup generated 
by s is not closed in G. Especially, it is not isomorphic to a finite covering of 
PSL(2, R) or isomorphic to He^, respectively. We will show this later in Propo- 
sitions EH and 13:21 

According to Corollary I1.2H Theorem [1] applies to a connected non-compact 
closed Lie subgroup G of Isom(M), where M is a Lorentzian manifold of finite 
volume. More generally, we obtain the following classification result: 

Theorem 2. Let M be a Lorentzian manifold of finite volume and G a connected 
Lie group acting isometrically and locally effectively on M. Then its Lie algebra 
g = i(Ba(B5isa direct sum of a compact semisimple Lie algebra t, an abelian 
algebra a and a Lie algebra s, which is either trivial, isomorphic to aff(R), to a 
Heisenberg algebra t)c^, to a twisted Heisenberg algebra f)e^ with X G Z^^, or to 

5[2(R). 

Suppose G is a Lie subgroup of the isometry group Isom(M). Ifs = [)t^, the 
subgroup generated by s is isomorphic to He^ or He^, if it is closed in Isom(M) 
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or not, respectively. If s = sl2{R), the subgroup generated by s is isomorphic to 
some PSLfc(2, R), if and only if it is closed in Isom(M). 

Together with the examples given in Section II. 2[ Theorem [2] gives a complete 
characterization of the Lie algebras of Lie groups acting isometrically and locally 
effectively on Lorentzian manifolds of finite volume. 

Adams and Stuck (cf. |AdSt97b] . Theorem L2) and Zeghib (cf. |Ze98b] . Theo- 
rem 1.1) independently showed, that if one is interested in the Lie algebra of a 
Lie group, which can be exactly the isometry group of some compact Lorentzian 
manifold, only the case of aff(lR.) does not appear. Additionally, a construction 
of compact Lorentzian manifolds with given Lie algebra of its isometry group was 
done in |Ze98b] (Section 4, proof of Theorem 1.5). We will not go into details, 
but summarize the result which follows from their investigation and Theorem [2l 

Theorem 3. Let M be a compact Lorentzian manifold. Then the Lie algebra of 
the isometry group Isom(M), isom(M) = i (B a® s, is a direct sum of a compact 
semisimple Lie algebra t, an abelian algebra a and a Lie algebras, which is either 
trivial, isomorphic to a Heisenberg algebra i)t^, to a twisted Heisenberg algebra 
fic^ with X G Z^, or tos[2(R). 

Furthermore, the following is true: 

(i) Let 5 = t)e^. Then the subgroup in Isom(M) generated by s is isomorphic 
to He^ or He^, if it is closed in Isom(M) or not, respectively. The abelian 
subgroup generated by a ©3(5) is compact. 

(a) Lets = s[2(R). Then the subgroup in Isom(M) generated by s is isomorphic 
to some PSLfc(2, R), if and only if it is closed in Isom(M). The abelian 
subgroup generated by a is compact. 

Conversely, for any Lie algebra g = t©a©s as above, there is a compact 
Lorentzian manifold M, such that the Lie algebra of its isometry group is iso- 
morphic to Q. 

2.2 Geometric theorems 

The following theorem will be important for the geometric characterization of the 
investigated manifolds. 
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Theorem 4. Let M be a compact Lorentzian manifold and G a connected Lie 
group acting isometrically and locally effectively on M. Then the action of the 
subgroup S generated by the direct summand s in its Lie algebra g = t © a © s 
(cf. Theorem\^) is locally free. 

The geometric characterization of compact Lorentzian manifolds with a non- 
compact connected component of the identity in the isometry group is given by 
the following: 

Theorem 5. Let M be a compact Lorentzian manifold and G a connected closed 
non-compact Lie subgroup of the isometry group Isom(M). According to Theo- 
rem\^ its Lie algebra is a direct sum g = £©a©s as described in the theorem. 

(i) If the induced bilinear form k, is positive semidefinite, then s is neither 
isomorphic to s[2(lR) nor [}C^. The orbits of G are nowhere timelike and 
the kernel of k, is either trivial or the span of a lightlike Killing vector field 
with geodesic orbits. 

(a) If 5 = s[2(R), M is covered isometrically by a warped product N SL2(R) 
of a Riemannian manifold N = {N,h) and the universal cover SL2(R) of 
SL2(Il) furnished with the bi-invariant metric given by the Killing form k 
o/5[2(R), that is, M is covered by the manifold N x SL2(R) with the metric 
9{x,-) = X (o"^ {x) k), a : N ^ R_|_ smooth. 

Moreover, there is a discrete subgroup T in Isom(A^) x SL2(R) acting freely 
onN x„ SL2(R), such that M = V\(^N x„ SL2(R)) . 

(Hi) Let s = [)e^ and S be the subgroup generated by s. S is isomorphic to He^ 
or He^ and the center Z(S) is isomorphic to or R, if S is closed in 
Isom(M) or not, respectively. 

Consider the space Ai of ad-invariant Lorentz forms on s. Then there exist 
a Riemannian manifold N = [N, h) with a locally free and isometric Z{S)- 
action and a smooth map m : N ^ Ai invariant under the Z{S)-action, 
such that M is covered isometrically by the Lorentzian manifold S Xz{s) N> 
constructed in the following way: 

Consider the product S x N furnished with the metric g^.^x) = m{x) x hx, 
where the S -factor is provided with the bi-invariant metric defined by m{x). 
Let O be the distribution of N orthogonal to the Z{S)-orbits and S be the 
distribution of S given by the tangent spaces. 
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The center Z{S) acts isometrically on S by multiplication of the inverse. 
The action of a central element z, which maps f to fz^^ = z~^f, cor- 
responds to a translation in the center component (remember the matrix 
model o/He^ in Section \1.2.4\ )- Thus, we have a locally free and isometric 
action of Z{S) on S x N by the diagonal action. Factorizing through this 
action, we obtain the quotient space S y<z{s) This is a manifold and we 
can provide it with the metric given by projection of the induced metric on 

s®o. 

Furthermore, there is a discrete subgroup T in S Xz{s) ^somz{s){N) , the 
quotient group defined in the same way as the quotient manifold above, 
Isom^(5)(A^) being the group of Z{S)-equivariant isometrics of N , acting 
freely on the space S Xz(s) ^ , such that M = T\{^S Xz(s) ■ 

Remark. If S is not closed in Isom(M), S = He^ and Z{S) = R. We obtain 
S X z{s) N = He^ Xr in this case. 

If S is closed in Isom(M), S ^ He^ and Z{S) ^ S\ In this case, we obtain 
•S* Xz(s) N — He^ Xgi A^. Since we can extend the S^-action on to an R-action 
by considering the covering map R — )■ S^, we easily obtain He^ x^i N = He^ x-^N 
also in this case. 

2.3 Theorems in the homogeneous case 

Theorem 6. Let M be a compact homogeneous Lorentzian manifold and denote 
Isom°(M) the connected component of the identity in the isometry group. Suppose 
Isom°(M) is not compact and let isom(M) = t ©o©s be the decomposition of its 
Lie algebra according to Theorem\^ 

Then either s = s[2(R) or s = fie^. 

(i) If 5 = s[2(R), M is covered isometrically by the metric product N x SL2(R) 
of a compact homogeneous Riemannian manifold N = {N, h) and the uni- 
versal cover SL2(R) o/SL2(R) furnished with the metric given by a positive 
multiple of the Killing form k o/sl2(R). 

Furthermore, there is a uniform lattice Tq in SL2(R) and a group homomor- 
phism g : Tq ^ Isom(A^), such that M = r\^A^ x SL2(R)j, where T is the 

graph of g. Also, the centralizer ofV in Isom(A^ x SL2(R)) acts transitively 
onNx SI^R). 
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Isom (M) is isomorphic to a central quotient of C x SL2(R), where C is the 
connected component of the identity in the centralizer of q{Tq) in Isom(A^). 
C acts transitively on N . 

(a) Let s = f)e^ and S be the subgroup generated by s. S is isomorphic to He^ 
or He^ and the center Z(S) is isomorphic to or R, if S is closed in 
Isom°(M) or not, respectively. 

Then there exist a compact homogeneous Riemannian manifold N = {N, h) 
with a locally free and isometric Z{S)-action and an ad-invariant Lorentz 
form m on s, such that M is covered isometrically by the Lorentzian man- 
ifold S y<z{S) N> constructed in the following way: 

Consider the metric product S x N, where S is furnished with the bi- 
invariant metric defined by m. Let O be the distribution of N orthogonal to 
the Z{S)-orbits and S be the distribution of S given by the tangent spaces. 
The center Z{S) acts isometrically on S by multiplication of the inverse. 
Thus, we have a locally free and isometric action of Z{S) on S x N by 
the diagonal action. Factorizing through this action, we obtain the quotient 
space S Xz(s)]^ provided with the metric given by projection of the induced 
metric on S ® O. 

Moreover, there is a discrete subgroup V in S Xz(s) Isom^(5)(A^), where the 
latter group is constructed similarly to the space S Xz{s)N and Isom^(5)(A^) 
denotes the group of Z{S)-equivariant isometrics of N, such that M is iso- 
metric to r\(S' Xz(s) o,nd T projects isomorphically to a uniform lattice 
Tq in S/Z{S). Also, the centralizer ofT in lsom{S Xz(s)N) (icts transitively 
on S xz{s) N. 

Isom°(M) is isomorphic to a central quotient of S Xz(s) C, where C is the 
connected component of the identity in the centralizer of the projection of 
r to Z{S) ■ Isom^(5)(A^) in Isom^(5)(A^). C acts transitively on N. 

Remark. Note that in Part (ii) of Theorem [6l S/Z{S) is isomorphic to a semidi- 
rect product x R^*^, where the S^-factor acts through non-trivial rotation on the 
d R^- components. The nihadical of this group is the subgroup R^''. Therefore, 
if r is a lattice in S/Z{S), so is T n R^-^ a lattice in R^'^ (cf. [OnVmOO], Part I, 
Chapter 2, Theorem 3.6). It follows that lattices in S/Z{S) and R^*^ are equiva- 
lent up to finite index. Any lattice in the additive group R^*^ is uniform and has 
the form Zt>i + . . . + Zf2d, where {vi, . . . , V2d} form a basis (cf. [OnVinOOj . Part I, 
Chapter 2, Theorem 1.1 and Corollary 1.2). Especially, P is almost abelian in 
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the sense that a subgroup of finite index is abehan. 

Remark. The construction given in Part (ii) of Theorem [6] generahzes the ex- 
ample He^/A, A being a uniform lattice in He^, given at the end of Section [1.2.51 
Simply choose = C with the induced metric (R^ is provided with the 
Euclidean metric) and the S^-action given by rotation and choose m to be any 
ad- invariant Lorentz form on f)e^. Then He^ Xgi A^ = He^ and we can choose 
r to be a lattice in He^. Note that because of the bi-invariance of the induced 
metric on He^, we can consider as well left and right quotients. 

Example. Consider the three-dimensional sphere C with the standard 
metric. This is our Riemannian manifold A^. An element 2; G S^, C C, acts 
isometrically via z ■ {wq, wi) 1— j- {zwq, zwi). This action is also known as the Hopf 
fibration (cf. |Ba09] . example 2.7). 

Now 

/ := Isomsi(S^) = U(2) = x SU(2) = x 

One may identify (/? G with the matrix 

exp(if) \ 
exp (if) ; ' 

which lies in the center. 

We choose a uniform lattice V in He^ C He^, such that V intersects the center 
isomorphic to trivially. Since any lattice A of He^ intersects the compact center 
in finitely many points, the statement is always true for some sublattice of finite 
index in A. 

Let : r' — 7- / be a homomorphism with values in C S^ x S^. Especially, we 
guarantee that the centralizer of is equal to the whole U(2) and therefore 
acts transitively on S^. Denote by T the projection of Tg C He^ x J, the graph 
of g, to He^ Xgi /. 

Tg projects isomorphically to V in He^, and T projects isomorphically to a lat- 
tice Fq of He^/Z'(He^), because V f] Z(He^) consists only of the identity. By 
construction, Tq lies central in He^/Z(He^) = S^ x R^*^. It easily follows that the 
centralizer of T in He^ x ^cts transitively on He^ x gi A^. 

Finally, the resulting manifold M = F\(He^ Xgi A^) is a compact homogeneous 
Lorentzian manifold with He^ C Isom(M). To see that M is compact, one uses 
the obvious fact that Fg\(He^ x A^) is compact. 
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Theorem 7. Let M be a compact homogeneous Lorentzian manifold and denote 
G := Isom°(M) the connected component of the identity in the isometry group. G 
acts transitively on M and the connected component of the isotropy group H (1 G 
of some point x & M is compact. 

Let [) C g denote the Lie algebras of both Lie groups. Then M = G/H is 
reductive, that is, there is an Ad{H) -invariant vector space m C g (not necessarily 
a subalgebra) that is complementary to f). 

In the case that the isometry group Isom(M) has non-compact connected com- 
ponents, we will describe the local geometry of M in detail in Section 15.31 Two 
of our results are: 

Theorem 8. Let M = (M, g) be a compact homogeneous Lorentzian manifold and 
denote G := Isom°(M) the connected component of the identity in the isometry 
group. Let H be the isotropy group in G of some x G M. Clearly, M = G/H. 

(i) Suppose the Lie algebra of G contains a direct summand s isomorphic to 
5[2(R). Then the isotropy representation of G/H allows a decomposition 
into irreducible invariant subspaces, such that s appears as an irreducible 
summand. 

(a) Suppose the Lie algebra ofG contains a direct summand s isomorphic to f)e^, 
A G Ij'^. Then the isotropy representation of G/H allows a decomposition 
into weakly irreducible invariant subspaces, such that s appears as a weakly 
irreducible summand. s is not irreducible and cannot be decomposed into a 
direct sum of irreducible subspaces. 

Theorem 9. Let M be a compact homogeneous Lorentzian manifold that is Ricci- 
flat. Then the connected components of its isometry group Isom(M) are compact. 

Corollary 2.1. Let M be a compact homogeneous Lorentzian manifold that is 
Ricci-flat, but not fiat. Then its isometry group Isom(M) is compact. 

Proof. Assume that Isom(M) is not compact. It follows from Theorem [HI that 
Isom(M) has infinitely many connected components. Corollary 3 of [PiZelO] 
states, that any compact Lorentzian manifold whose isometry group has infinitely 
many connected components, possesses an everywhere timelike Killing vector field 
if it possesses a somewhere timelike Killing vector field. Since any homogeneous 
Lorentzian manifold has a somewhere timelike Killing vector field, it follows that 
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there exists an everywhere timehke Kilhng vector field on M. Theorem 3.2 of 
[RoSa96j yields that any Ricci-fiat compact homogeneous Lorentzian manifold 
admitting a timelike Killing vector field is isometric to a fiat torus (up to a finite 
covering) . □ 

Remark. Note that in Paragraph 1 of [PiZelOj examples of fiat compact homo- 
geneous Lorentzian manifolds are given, whose isometry groups are not compact. 
These manifolds are fiat tori provided with the metric defined by certain quadratic 
forms of Minkowski space. 
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Chapter 3 

Algebraic classification of the Lie 
algebras 



The aim of this chapter is the proof of Theorems [T] and [H In Section 13. we will 
show some useful elementary results about ad-invariant symmetric bilinear forms 
on Lie algebras and give a powerful characterization of elements of a Lie algebra 
generating precompact one-parameter groups in the corresponding Lie group. 

In the subsequent sections, we continue with proving Theorem [H Apart from 



Sections 13.11 and 13. 6[ we always consider a connected non-compact Lie group G 
and an ad-invariant symmetric bilinear form k on its Lie algebra g that fulfills 



condition i-k) as described in the theorem. 



The outline of the proof is the following: In Sections 13.21 and 13. 3[ we first collect 
some results about the nilradical and the radical of a Lie algebra furnished with a 
form K as in Theorem [H If the radical of the group is compact, what we assume in 
Section 13. 4[ we are in case (v) of the theorem and k is Lorentzian. In Section 13.51 
we will show the other cases, which split as follows: Section 13.5.11 deals with the 
case that k is not positive semidefinite. Then k is Lorentzian as well and we are 
in case (iv). Otherwise k is positive semidefinite and its kernel has dimension 
at most one. We deal with this in Section 13.5.21 If the radical is nilpotent as 
assumed in Section 13.5.2. H we are in the cases (i) and (iii) of the theorem. Else, 
we show in Section [3.5.2.21 that we are in case (ii). 

The following chart summarizes the outline of the proof. We start with a Levi 
decomposition g = I € r according to Lemma II. 2[ where [ is semisimple and r is 
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the radical of q. Denote by R the radical of the group G (the largest connected 
solvable normal subgroup), its Lie algebra is r. 

Levi de- 
composition 
= [ € r 



R compact/ non-compact 



Section B- case (v) [ Section |33] 

X abelian, I = ! © 5 t compact 

t compact semisimple, s ^ sliiR) [ semisimple 



K positive semidefinite 




indefinite 



Section 13.5.11 - case (iv) 



r = a ©5 



a abelian; s = [)c 



r nilpotent 



r not nilpotent 



Section 13.5.2.11 - cases (i) and (iii) 



r = a ©s 



a abelian; s trivial or 5 = 



Section 13.5.2.21 - case (ii) 



r = a © s 



a abehan; s = aff(R) 



To close this chapter, we consider general (not necessarily closed) connected Lie 
subgroups G of the isometry group Isom(M) of a Lorentzian manifold M of 
finite volume, and finally prove Theorem H] in Section For this proof, we may 
suppose that G is a subgroup of Isom(M). The result follows from Corollaries II .71 
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and ll.8[ if G is precompact, and from Corollary 11.211 and Theorem [H if G is a 
non-compact closed subgroup of Isom(M) . If G is neither precompact nor closed 
in Isom(M), we consider the closure of G in Isom(M) and use the results of 
Theorem [TJ One way to show the theorem is to argue analogously as in the proof 



of Theorem [H basically, one replaces the condition [-k] by the properties of k given 
in the theorem. We will give a shorter proof using the Maltsev closure. Also the 
second part of Theorem [2] can be shown in a similar way as the corresponding 
statement of Theorem [TJ 

Note that we have to consider non-closed subgroups G of the isometry group 
separately, since in this case, a non-precompact one-parameter group in G can be 



precompact in the isometry group. Therefore, condition {-k) does not necessarily 



hold for the induced bilinear form k on the Lie algebra of G. 



3.1 Symmetric bilinear forms on Lie algebras 

Lemma 3.1. Let I C g he a subalgebra of the Lie algebra g and Y G [ such that 
[Y, I] = {0}. Then for any ad-invariant scalar product k, the mapping I — R, 
X I— 7- K,{X,Y), is a Lie algebra homomorphism, that is, k,{[X, X'],Y) = for all 
X, X' G I. 

Proof This follows from k{[X, X'],Y) = k{X, [X', Y]) = 0. □ 



Lemma 3.2. Let q be a Lie algebra with ad-invariant symmetric bilinear form 

K. 

(i) The kernel of k is an ideal in q. 

(a) If Q is compact and simple, n is a multiple of the negative definite Killing 
form of g. 

(Hi) If K, is positive definite, g is the n-orthogonal direct sum g = [g,g] ©3(g) 
with [g, g] trivial or compact semisimple. 

Proof, (i) Let i denote the kernel of k and let X G i and F, Z G g be arbitrary. 
Because of the ad-invariance, k([X, Y], Z) = k,{X, [Y, Z]) = 0. Thus, [X, Y] G i. 

(ii) Let k be the Killing form of g. Since g is compact and simple, k is negative 
definite by Corollary II. 6[ Now choose a (— A;)-orthonormal basis which is also 
a K-orthogonal basis (principal axis transformation). Obviously, there is t G R 
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such that K — tk degenerates. The kernel of this ad-invariant form is a non-trivial 
ideal in g and thus equal to q since the algebra is simple. Therefore, k = tk. 

(iii) By Proposition II. 5[ q is reductive. Using Proposition 11.41 and Corollary II. 7[ 
we obtain all but the K-orthogonality of the decomposition. Lemma 13.11 with 



The next lemma characterizes elements of the Lie algebra generating a precom- 
pact one-parameter group in the corresponding Lie group in terms of the adjoint 
representation of the algebra. 

Lemma 3.3. Let G be a Lie group, q its Lie algebra and X E Q an element 
generating a precompact one-parameter group in G. Then adx is either trivial 
or not nilpotent. Furthermore, there is no ^ Y E g such that [X, Y] = XY for 
some non-zero A G R, or [X, Y] ^ and ad^(y) = for some integer k > 0. 

If additionally g = I © m zs a direct sum of algebras with [ semisimple and X E i, 
adx is semisimple (that is, diagonalizable over the complex numbers) and its 
eigenvalues are all purely imaginary. 

Proof. We first consider the case that g = [ © m with [ semisimple and X G I. 

Let X = S -\- N, where S,N E I, [S, N] = 0, ad^ semisimple and adAr nilpotent, 
be the abstract Jordan decomposition of X (cf. |Hu72j . Paragraph 5.4). Since 
[S, N] = 0, for any real number t, 

Adexp(tx) = exp(adtx) = exp(adt5 + adjiv) = exp(tad5) exp(tadiv). 

Note that ad^ and adAr commute, since S and do and ad: g — )• g[(g) is a Lie 
algebra homomorphism. 

Using that Ad: G — t- GL(g) is a Lie group homomorphism, we obtain that 
{exp(tad5) exp(tadAr)}^gj^ is precompact in GL(g) = R'^^ C C'^^, where k is the 
dimension of G. 

Let Ai, . . . , Afc' be the eigenvalues of adx|i, where k' is the dimension of [. Using 
[I, m] = {0}, ad^ + adAT is the Jordan decomposition of adx in C'^^. It follows 
that {exp(tad5) exp(tadAr)}fg]i^ is conjugate to the one-parameter group 



I = g and F G ^(g) yields the orthogonality. 



□ 



diag(exp(tAi), . . . , exp(tAfc'), 0, . . . ,0)(1 + tadAr . . . 




36 



Chapter 3. Algebraic classification of the Lie algebras 



Since the last group is precompact in , it is especially bounded. It easily 
follows that Re(Aj) = for all j and ad-N = 0. 

In the general case, assume that adx is nilpotent, but not trivial. As above, the 
one-parameter group {exp(tadx)}igj^ is precompact in GL(g) = Mf'^ . On the 
other hand, 

exp(tadx) = (1 + t&dx + . . . + jz — adt^M, 

(A; - 1)! 

contradiction. 

If 7^ r G and A 7^ such that [X, Y] = XY, then 

Ade,p(tx)(>") = exp(tA)y, 
contradicting the precompactness of {exp(tadx)}tg]f^- 

Let F G such that [X, Y] and ad^(r) = for some A; > 0. Without loss of 
generality, k = 2. But then 

Ad,^^^tx){Y) = Y + t[X,Y] 

contradicts the precompactness of {exp(tadx)}tgj^. □ 



3.2 Nilradical 

In this section, we investigate the nilradical of a connected non-compact Lie group 
G, provided with an ad-invariant symmetric bilinear form k, on its Lie algebra g 



that fulfills condition (-k) as described in Theorem [T] 



Lemma 3.4. Let p (1 q be an abelian subalgebra containing an element X E p 
generating a non-precompact one-parameter group. Then the set of elements in p 
generating a non-precompact one-parameter group is dense in p. K|pxp is positive 
semidefinite and the dimension of its kernel is at most one. 

Proof. The closure of the subgroup generated by p is a connected abelian sub- 
group and by Lemma 11.91 isomorphic to x R™' . m' ^ since X generates 
a non-precompact one-parameter group. Let p* denote the Lie algebra of the 
closure and t C p* the subalgebra corresponding to the torus factor. All ele- 
ments of p* that are not in t generate a non-precompact one-parameter group. 
By definition, p is not contained in t, hence, the set of elements in p generat- 
ing a non-precompact one-parameter group is dense in p. The remainder of the 



assertion now follows from condition (-k) □ 
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Lemma 3.5. Let N be a connected non-compact nilpotent Lie group and n its 
Lie algebra. Then the set of X E n generating a non-precompact one-parameter 
group is dense in n. 



Proof. If is abelian, is isomorphic to T*" x by Lemma 11.91 m' 7^ 
because is not compact, it follows that the set of elements in n generating a 
non-precompact one-parameter group is dense in n. 

Now assume that is not abelian and the statement of the lemma is false. 
Using Lemma 13.31 and the nilpotency of n, it follows that adx is trivial for all X 
of some open ball in n. Thus, 3(n) contains elements of an open ball in n and 
therefore has the same dimension as n. Hence, 3(n) = n, that is, A^ is abelian, 
contradiction. □ 

The proof of the last lemma also shows the following: 

Corollary 3.6. A connected compact nilpotent Lie group is abelian. 

In what follows, denote by A^ the nilradical of G, that is, the largest (with re- 
spect to inclusion) connected normal Lie subgroup of G, which is nilpotent. By 
maximality, A^ is closed in G. Its Lie algebra n is the largest (with respect to 
inclusion) nilpotent ideal of g. 

According to Corollary 13. 6^ A^ is abelian if it is compact. In the remainder of this 
section, we assume that A^ is not compact. 



It follows from Lemma 13.51 and condition [-k] , that the restriction of k to n x n is 
positive semidefinite and its kernel i is an ideal of dimension at most one. 

Proposition 3.7. Let be any ad-invariant positive semidefinite symmetric 
bilinear form on n with kernel i having dimension at most one. 

Then n = a © f) is the k,' -orthogonal direct sum of an abelian algebra a (which 
might be trivial) and an subalgebra f) being either one- dimensional or isomorphic 
to a Heisenberg algebra f)c^ of dimension 2d-\-l. i) is one- dimensional if and only 
if n is abelian. 

The adjoint representation of G on n/i has precompact image. If n' is not positive 
definite, then i = WiZ , where M,Z is the center of \). 

Proof, n/i is nilpotent and possesses an ad-invariant positive definite symmetric 
bilinear form. By Propositions 11.41 and II .5[ n/i is abelian, so [n, n] C i. If i = {0}, 
n is abelian. 
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In the abelian case, we choose RZ to be the kernel of if it has dimension 
one and if is positive definite, we choose an arbitrary non-zero Z E n. Then 
n = a © {), where i) = RZ and a is a vector space complement to f), which is 
orthogonal to Z in the case that k' is positive definite. 

Suppose i = HZ is one-dimensional. Then Z G 3(n), since n is nilpotent and 
[n, n] C i. It follows that in any case, n is at most two-step nilpotent (this actually 
shows the second part of Theorem B in |Zi86] ). 3(n) is abelian, so ^(n) = a©RZ 
with some abelian summand a. If n = ^(n), n is abelian and we are done. So 
suppose n is not abelian. 

Let f) := 3(ri)"'" (/t'-orthogonal complement in n). Because n' is ad-invariant, 
[) is an subalgebra. Moreover, n = a © () is an orthogonal and direct sum by 
construction. Because n is not abelian, dim () > 2 and so 

{j] = [n, n] = RZ as well as 3([)) = ^(n) n = RZ. 

If is a complementary vector space of RZ in f), then u : V x V ^ R defined 
by ^] = U){X,Y)Z is an alternating bilinear form, which is non-degenerate 
(an element of the kernel has to lie in the center of f)). Thus, i) is isomorphic to 
a Heisenberg algebra. 

Finally, the image of the adjoint representation of G on n/i is precompact, since 
it preserves a positive definite scalar product and therefore acts by orthogonal 
transformations. □ 

Remark. Note that the abelian summand a is in general not canonically defined, 
but © RZ = 3(n) and f) = 3(n)"'" are. 

Proposition 3.8. Suppose n is not abelian. 

(i) The center i = RZ of ^ = is central in q. 

(a) All non-central X G f) C n generate non-precompact one-parameter groups. 

(Hi) If Y G Q, Y ^ RZ , commutes with a non-central element X of n, then 
k{Y,Y) > 0. 

Proof, (i) f) = i)t^ hj Proposition 13.71 We will show that the adjoint action of 
G on i is trivial. Let X, F G f) such that [X, Y] = Z. By Proposition 13.71 the 
adjoint action of G on n/i has precompact image. Therefore, we may choose a 
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compact set K Gn such that Ad/(X) e K + i and Ad/(F) G /C + i for all / G G. 
It follows that 

AdfiZ)=Adf{[X,Y]) = [Adf{X),Adf{Y)] e[K + i,K + i]C [K,K]. 

It follows that the adjoint action of G on i has precompact image. But i is 
one-dimensional and G is connected, so Ad{G) acts trivially on i. 

(ii) This follows from Lemma 13.31 and the fact that a.dx is nilpotent, but not 
trivial. 

(iii) p := span {X, Y, Z} is an abelian subalgebra of dimension at least 2, and by 
(ii), X generates a non-precompact one-parameter group. By Lemma l3.4[ the 
restriction of k to p x p is positive semidefinite and its kernel has dimension at 
most one. But the kernel is already given by RZ, hence, k{Y, Y) > 0. □ 

Proposition 3.9. Let I G Q be a semisimple subalgebra. Then q' = i + n is in 
fact a K-orthogonal direct sum. 

Proof. [ n n is a nilpotent ideal in [. Since I is semisimple, I fl n = {0}. 

As above, let i be the kernel of the restriction of k to n x n. Due to Lemma [3. 2 [ 
i is an ideal in n. 

Let X e l,Y e n, Z e i. Then 

k{[Z,X],Y) = k{Z, [X,Y])=0 
since [[, n] C n. Thus, [[, i] C i, that is, i is an ideal in g'. 

The set m of F G [ such that [Y, i] = {0} is an ideal of I: Indeed, let X,Y e i 
such that [Y,i] = {0}. Since [I, i] C i, 

= [X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = [Z, [X, Y]] 

for Z G i by the Jacobi identity. 

m has codimension at most one, because i has dimension at most one. But [ 
is semisimple, thus, it contains no ideals of codimension exactly one. Hence, [ 
centralizes i. 

Since [ is semisimple, [ = [[, [] and by Lemma 13. I and therefore g' are k- 
orthogonal to i. So we may pass to the quotient g'/i = I + n/v or equivalently, we 
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can assume without loss of generality that k is positive definite on n. Note that 
because of Proposition I3.7[ n is abelian in this case. 

We want to show [[, n] = {0}. By Proposition 13. 7[ the adjoint action of G on n 
has precompact image. Thus, we may assume that [ is compact. Treating each 
simple summand of [ separately, we also can assume I to be simple. 

In the following, we construct an ad-invariant positive definite scalar product on 
q'. Let k be the Killing form of g'. If X G n, F G g', then ad^(F) = because n is 
an abelian ideal. Thus, k restricted to x n is identically zero. Let X G I, F G n. 
liW en, 

adx(ady(Vr)) = 0, 

and ifWel, 

adx(ady(iy)) G n. 
Thus, k{X, Y) = Tr(adx o ady) = 0. 

By Lemma 13.21 (ii), k restricted to I x [ is a multiple of the negative definite 
Killing form of I. It is a non-zero multiple, because otherwise k would vanish on 
the whole of q' x g' and g' would be solvable (cf. |OnVin94] . Chapter 1, corollary 
to Theorem 2.1), contradiction. 

—k is a positive definite symmetric bilinear form on [, so we can find a {—k)- 
orthonormal basis which is K-orthogonal (principal axis transformation). Thus, 
there is a G K-? such that n — tk is positive definite on [ for all t > to- 

Obviously, the restriction of k — tA; to n x n is equal to the restriction of n and 
therefore positive definite. We want to find a. t > such that n — tk is positive 
definite on g' x g'. It suffices to obtain 

{K-tk){\X + Y,\X + Y) > 

for all non-zero A G R, X G I, F G n. By linearity, we may suppose k{X, X) = — 1 
and K,{Y,Y) = 1. Then 

{K-tk){XX + Y,XX + Y) 
= X'^k{X, X) + + 2Ak(X, Y) + 1 

>\^{t+ min k(X,X))-2A max max \k{X,Y)\ + 1. 

X&,k{X,X)=-l X&,k{X,X)=-l yen,K{y,Y)=l 

The last term is a polynomial in A with fixed parameters which discriminant will 
be less than zero if t is large enough. Thus, b := k, — tk is positive definite if t is 
large enough. 
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By Lemma [32] (iii), q' = [g',g'] © 3(0')- Thus, the radical of q' is equal to its 
center. Since n is a nilpotent ideal, it follows that n C 3(0'). Also, [ C [g',^']. 
But g' = [ + n, hence, g' = I © n is a direct sum of algebras. 

Since [[, n] = {0}, we can apply Lemma \3A\ to see that I = [I, I] is /t-orthogonal 
to n. □ 



3.3 Radical 

In this section, we investigate the radical i? of a connected non-compact Lie group 
G, provided with an ad-invariant symmetric bilinear form k, on its Lie algebra 



g that fulfills condition {-k) as described in Theorem [TJ The radical of G is the 
largest (with respect to inclusion) connected normal Lie subgroup of G, which is 
solvable. By maximality, R is closed in G. Its Lie algebra r is the largest (with 
respect to inclusion) solvable ideal of g. 

First, we show a generalization of Corollary 13.61 

Proposition 3.10. A connected compact solvable Lie group H is abelian. 



Proof. According to Proposition II. 5[ the Lie algebra f) of -ff is reductive. Since f) 
is solvable, it follows that f) itself is abelian. □ 

A proof of the following can be found in [Ja62j . Chapter 2, Theorem 13: 

Lemma 3.11. Let g' be a Lie algebra, x' its radical and n' its nilradical. Then 
[0',f] Cn'. 

Proposition 3.12. If the radical R is not compact, then also the nilradical N is 
not compact. 

Proof. Assume is compact. By Corollary [321 N is abelian. Using Lemma ri.lO[ 
A^ is central in G. Hence, n C 3(g). Because the nilradical of the ideal r is the 
intersection of n with r (cf. |Ja62j . Chapter III, Theorem 7), n is also the nilradical 
of X. 

Since r is a solvable algebra, 

2 ■ dimn > dimr + dim3(r) 
(cf. |UnVin94] . Chapter 2, Theorem 5.2). But n C 3(g), thus 
2 ■ dim n > dim r + dim 3 (r) > dim r + dim n 
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and therefore dimn > dimr. Hence, n = r, contradicting that N is compact, but 
R not. □ 



Proposition 13.91 generalizes to the radical. 

Proposition 3.13. Let R be non-compact and let i G g be a semisimple subalge- 
bra. Then g' = [ + r zs m fact a n-orthogonal direct sum of algebras. 

Proof, t n r is a solvable ideal in I. Since [ is semisimple, [ fl r = {0}. 

We know from Propositions 13 . 91 and 13 . 1 2[ that [I, n] = {0}. Additionally, [g, r] C n 
by Lemma 13.111 

Choose X,Y el,W ex. Then 

= [[X,Y],W] + [[Y, W],X] + [[W, X] , Y] 

by the Jacobi identity. The last two summands are elements of 

[[[,r],[]C[n,[] = {0}. 

We obtain that [[I, l],r] = {0}. But [I, I] = [, so g' = [ © r is a direct sum of 
algebras. 



The orthogonality of this decomposition follows from Lemma 13.11 □ 

We conclude the preliminaries with the following decomposition: 

Proposition 3.14. Assume that R is not compact. Then there is a compact 
semisimple subalgebra t such that g = t Q) t is a K-orthogonal direct sum. Fur- 
thermore, K restricted to t x t is positive definite. 

Proof. Let g = t € r be a Levi decomposition according to Lemma II. 2[ By 
Proposition 13.131 g = t © r is a /t-orthogonal direct sum. It remains to show that 
K|tx{ is positive definite. 

Since the radical is closed and connected, but not compact, there is an element 
X G r generating a non-precompact one-parameter group in G. Let Yet. Then 
the subalgebra a := span {X,Y} is abelian. By Lemma (3.41 the set of elements 
in a generating a non-precompact one-parameter group is dense in a. 



Since this is true for all Y E we can apply condition {-k) to the subalgebra 



p := t © RX and obtain, that k, is positive semi definite on p x p and its kernel 
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has dimension at most one. The intersection of the kernel with t is an ideal of 
dimension at most one. But i is semisimple, so this ideal is trivial. 

Thus, K restricted to t is positive definite. By Proposition [L5l i is compact. □ 



3.4 Compact radical: case of the special linear 
algebra 

In this section, we assume that the radical i? of a connected non-compact Lie 
group G, provided with an ad-invariant symmetric bilinear form k on its Lie 



algebra g that fulfills condition {-k) as described in Theorem [H is compact. By 
Proposition I3.10[ R is abelian. 

Proposition 3.15. g = t(Bx(Bsisa K-orthogonal direct sum, where i is com- 
pact semisimple and s is simple, but non-compact. Furthermore, K|{xt is positive 
definite. 

Proof. Let g = I € r be a Levi decomposition according to Lemma II. 2[ By 
Lemma I1.10[ the radical is central in G and therefore, g = 1 © r is a direct sum. 



Lemma [3.11 shows that this sum is K-orthogonal. 

By assumption, G is not compact, but R is. By a theorem of Weyl, any Lie 
group with a compact semisimple Lie algebra is compact and has finite center 
(cf. |Bo05] . Chapter IX, Paragraph 1.4, Theorem 1). But by Proposition II. 3[ 
a semisimple Lie subgroup with finite center is closed in G. Thus, I contains a 
simple direct summand s, which is not compact. 

Let s' be another simple direct summand and X G 5 generating a non-precompact 
one-parameter group. For any Y G s', the subalgebra a := span {X, Y} is abelian. 
Using Lemma 13. 4^ we obtain that the set of elements in a generating a non- 
precompact one-parameter group is dense in a. It follows that the same is true 



for p := s' + RX. According to condition (*) applied to the subspace p, k is 
positive semidefinite on p x p and its kernel has dimension at most one. Its 
intersection with s' is an ideal and therefore trivial. Thus, k is positive definite 
on s' X s' and by Proposition II. 5[ s' is compact. With Lemma 13.11 we obtain 
that 3 and s' are K-orthogonal to each other. In summary, g = t©r©sisa 
K-orthogonal direct sum, where t is compact semisimple. □ 
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5 is a non-compact simple Lie algebra. By jGot69j . Proposition 2, s contains a 
subalgebra Sq isomorphic to s[2(R). Let {e, /, h} C Sq be an s[2-triple, that is, 

[h,e]=2e, [h,f] = -2f, [e, f] = h. 

In the following, we will show that s = s[2(lR)- 

Proposition 3.16. n\soxso ^ positive multiple of the Killing form of Sq, espe- 
cially a Lorentz form. 

Proof. Due to the ad-invariance of k, K([e, /], e) = = K{[e, /],/), so 

n{[h,e) = = K{hJ). 
Using K{[h, e], e) = = K{[h, /],/), we obtain that 

«(e,e) = = /). 
Finally, it follows from K{[e, f],h) = /t(e, [/, h]) that 

K{h, h) = 2K{eJ). 



IBqXSo 



Thus, 

'^Isqxbo is already determined by the scalar K[h,h). It follows that k| 
is a multiple of the Killing form of Sq. 

Let p := spa.n{h,e}. Consider X := ah + /3e, with real numbers a and /3. 
The set of such X is dense in p. Moreover, adx has the eigenvalue 2a to the 
eigenvector e. By Lemma 13.31 X does not generate a precompact one-parameter 



group. Thus, we can apply condition (-k) to p and conclude, that K(h, h) > 0. 
Therefore, k,\soxso is a positive multiple of the Killing form of Sq. □ 

Let T be the K-orthogonal complement to Sq in s. Then T © Sq = s as vector 
spaces. Since k is ad-invariant, k,{[X,Y], Z) = k{X, [Y, Z]) = for any X E T 
and Y, Z E Sq. This means that T is ad(so)-invariant. 

Proposition 13.171 will show that 

[X,T] = {0} 

for X = I and X = — ^-j^. By the Jacobi identity, then also 

4^],T] = {0} 
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holds. But [2 , 2"] ~ 2" ^ + /' ^ ~ /} form a basis of Sq. Thus, 

[5o,T] = {0}. 

This implies [so,s] = Sq, so Sq is an ideal in the simple algebra s, hence 

S =50 = 512(E). 

Proposition 3.17. Let X e {|,-^}. T/ien [X,T] = {0}. 
Proof. Let r := e if X = |, F := /i + (e - /) if X = Then 

[X, Y] = Y and Y) = 0. 

Also, adylsQ is nilpotent, but not trivial, because of the equations 

[e, [e, [e,/]]] = [e, [e, /i]] = -2[e, e] = 
and [/i + e - /, [/i + e - /, [/i + e - /, /i]]] = -2[h + e - f,[h + e - f,e + f]] 

= -A[h + e- f,h + e- f] = 0. 

Because of 

[/i,e] = 2e, 

[/^, /] = -2/, 
[/i,/i] = 0, 
[e + /,/i+(e-/)] = -2(/i + e-/), 
[e + f,h-ie-f)] = 2{h-ie-f)), 
[e + f,e + f] = 0, 

a.dx\so is semisimple with the real eigenvalues —1, 0, 1. 

Since T is ad(5o)-invariant, we have a representation g : Sq ^ qK'^)- The kernel 
of g is an ideal in Sq. But Sq is simple, so the ideal is either cind we are done, 
or g is injective, which we suppose from now on. g{5o) is semisimple. 

According to Proposition lA.ll in the appendix, X acts on T as a semisimple en- 
domorphism with real eigenvalues only and Y acts as a nilpotent endomorphism. 
It follows that ady is nilpotent, but not trivial, so due to Lemma l33| Y does not 
generate a precompact one-parameter group. Since X 7^ 0, there is 7^ A G T 
and A G R\ {0} such that [X, A] = XA. 

Xk{A, A) = k{[X, A],A) = k{X, [A, A]) = 0, 
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because k is ad- invariant. 

If [Y, A] = 0, then A and Y generate an abelian subalgebra. Furthermore, 

k{Y, Y) = = k{A, A), k{A, Y) = 

since T is K-orthogonal to Sq. This contradicts Lemma 13.41 Therefore, it holds 
B := [Y, A] ^ 0. Clearly, B eT. 

The Jacobi identity yields: 

= [X, [Y, A]] + [Y, [A, X]] + [A, [X, Y]] = [X, B] - \B - B. 

Therefore, [X, 5] = (A + 1)B. Unless A ^ —1, we could have started with B 
instead of A. But adx has only finitely many eigenvalues, so it follows that all 
eigenvalues of adx are negative integers. It suffices to consider A = — 1 and 
[X,B] = 0. 

Applying the Jacobi identity another time, 

= [X, [Y, B]] + [Y, [B, X]] + [B, [X, Y]] = [X, [Y, B]] + [B, Y]. 

Hence, either [Y, B] = or [Y, B] is an eigenvector of adx with eigenvalue 1. But 
all eigenvalues of adx, so [Y, B] = 0. 

Because of B E T, we have 

k{Y,Y) = = k{Y,B). 

Since k is ad- invariant, 

k{B, B) = k{B, [Y, A]) = k{[B, Y],A) = 0. 
As above, we obtain a contradiction to Lemma [3.41 □ 

We have shown that g = I © r © s, where t is compact semisimple, the radical r 
is abelian and s = 3(2 (R). 

Lemma 3.18. k, is positive definite on x x x. 



Proof, ade is nilpotent, but not trivial. So for any X G r, we can apply con- 
dition (*) to the abelian subalgebra o := span{e, X} by Lemma |3.4[ Since 
K(e, e) = = K(e, X), it follows that k{X, X) > for all 7^ X G r. □ 
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To conclude the proof of Theorem [T] in the case that the radical is compact, we 
have to show that the subgroup generated by s is a finite covering of PSL(2, R) 
if and only if it is closed. 

PSL(2,R) is centerless and has fundamental group Z (for the latter, see for 
example |OnVin94] . Chapter 4, Paragraph 3.2, example 4). Let SL2(R) be the 
universal cover of PSL(2,R). By a theorem of Wolf, SL2(R) has no non-trivial 
compact subgroup (cf. |Wo63j ). 

Thus, if the subgroup generated by s is closed, it cannot be isomorphic to a finite 
central quotient of SL2(R), since then all non-trivial one-parameter groups would 



be not precompact, contradicting condition {-k) (remember that K|gxs is a Lorentz 
form) . 

Conversely, if the subgroup generated by s is isomorphic to some PSLfc(2,R), it 



is a semisimple group with finite center and by Proposition 11.31 closed in G. 

Since PSL(2, R) is centerless and has fundamental group Z, the center of SL2(R) 
is isomorphic to Z. The following group is motivated by an example of a non- 
closed semisimple Levi factor in a Lie group given in |OnVin94] . Chapter 1, 
Paragraph 4.1. It shows that in Theorem [1] (v) both cases (some PSLfc(2, R) or 
some finite quotient of SL2(R)) are possible. 

Proposition 3.19. Let z be a generator of the center o/SL2(R) and exp(iy)) in 
C C with G R, f ^ Q. Denote by T C SL2(R) x the discrete central 
subgroup generated by {z,exp{i(f)) . Let G' := ^SL2(R) x S^j/P. 

Then G' is a non-compact Lie group with Lie algebra = s[2(R) © R and there 
is a symmetric bilinear form on g', such that is ad-invariant and fulfills 



condition (*), Moreover, the subgroup generated 6y 5[2(R) is not closed in G' and 



is not isomorphic to a finite covering ci/PSL(2,R). 

Proof. It is clear that G' is a Lie group with Lie algebra = 3(2 (R) © R. G' 
is not compact, since its Lie algebra contains the non-compact summand s[2(R) 
(consider Corollarv ll.7p . 

Remember the isometric action of PSL(2, R) on the compact Lorentzian manifold 
M = PS'L(2, R)/A given in Section [1.2.31 This action is locally effective. Since 
the kernel of p : PSL(2, R) Isom(M) is discrete and normal and hence central in 
PSL(2, R), it has to be trivial, so we can consider PSL(2, R) as a closed subgroup 
of Isom(M) (since it is semisimple and centerless; see Proposition II. 3p . By the 
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way, this also shows that the case of a finite covering of PSL(2, R) can appear in 
Theorem [1] (v) . 

The Killing form of s[2(Ii) defines a Lorentzian metric on M. It follows from 
Corollary 11.211 and Proposition I3.16[ that the induced bilinear form n fulfills 



condition (*) and is Lorentzian. This means, that any timelike X G 512(11) 
generates a precompact one-parameter group in PSL(2,R). 

Now define k! as follows: /«'U2(E)x3i2(R) is equal to /t, k'Irxe, is positive definite 
and sl2(R) and R are /t'-orthogonal. Then /t' is an ad-invariant Lorentzian scalar 
product on q' . 



For showing that fulfills condition (*) , it suffices to show that any timelike 



X G sl2(R) generates a precompact one-parameter group in G' . 
Let X G 3(2 (R) be timelike and {V'^lfeR be the one-parameter group generated 
by X in SL2(R). Consider any sequence {tfcjfcLo ^ want to show, that 

there is a convergent subsequence of {exp(tfcX)}^g in G' . 

From above, we know already that X generates a precompact one-parameter 
group in PSL(2,R) = SL2(R)/Z(SL2(R)). Without loss of generality, the pro- 
jection of {^/'*'°}^o o'^to PSL(2,R) converges there. It follows that there is a 
sequence {-Zfcjfclo — -^(SL2(R)), such that il)^^z'^^ converges to some ip G SL2(R). 
For this, remember that SL2(R) — )■ PSL(2, R) is a covering map. 

By construction, 

exp(4X) = (V^*^0)^ = (V'*'=z,-\exp(i(^fc))r 

in G' for some exp(i(y9fc) G S^. Since is compact, we can choose a convergent 
subsequence of {exp(iy9fc)}^Q. Without loss of generality, exp(i(y9fc) — exp(i^) as 
k — )■ 00. But then exp(tfcX) converges to (^z^, exp(i^))r as A; — ?■ 00. 

We have shown that any subsequence of the one-parameter group generated by 
X contains a convergent subsequence. Therefore, {exp(tX)}jgj^ is precompact. 

Finally, the image S of SL2((-R)) in G' is dense in G', because {exp(i/cy9)}^g is 
dense in S^. But 5* is equal to the subgroup generated by sl2(R) in G' . Since it 
is not closed, it follows by Proposition II. 3[ that the center of S is not finite, so it 
is a finite central quotient of SL2(R). □ 
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3.5 Non-compact radical 

In this section, we assume that the radical of a connected non-compact Lie 
group G, provided with an ad-invariant symmetric bilinear form k on its Lie 



algebra q that fulfills condition (*) as described in Theorem [H is not compact. 

According to Proposition I3.14[ there is a K-orthogonal direct decomposition of 
the Lie algebra g = £ © r with t compact semisimple and the restriction of k, to 
t X t is positive definite. 

For proving Theorem [H we only have to show that the radical decomposes as 
announced. Thus, we may ignore the summand i and suppose in the sequel that 
G is solvable. Note that the radical is closed in G. 

By Proposition I3.12[ the nilradical is not compact. Hence, we can apply 
Proposition 13.71 and obtain the K-orthogonal direct sum n = a © f) of a possibly 
trivial abelian algebra a and an subalgebra f) being isomorphic to a Heisenberg 
algebra f)e^ of dimension 2d + 1. Remember that a © RZ, HZ = 3(f)), was 
canonically defined, but o in general not. 

3.5.1 Form not positive semidefinite: case of the twisted 
Heisenberg algebra 

Suppose that k, is not positive semidefinite. Then there is a T G g such that 



k{T,T) < 0. Because of condition (-k) T generates a precompact one-parameter 
group. Thus, according to Lemma [L9| the closure of {exp(tT)}^^^ is isomorphic 
to a torus T™ with Lie algebra t. The set of X G t generating a one-parameter 
group isomorphic to is dense in t (this lies in the fact that the rationals 
are dense in the real numbers). Especially, we can choose a T' G t generating a 
compact one-parameter group such that k(T', T') < 0. Without loss of generality, 
we may assume T = T' . 

Proposition 3.20. T centralizes a © RZ. Additionally, a © RZ generates a 
compact central subgroup of G. 

Proof. We have seen in Proposition 13. 7^ that a © RZ = 3(n). Since n is an ideal 
in g, for any X G ^(n), F G n and W & 

= [[w, X], r] + [[X, Yiw] + [[r, wix] = [[w, x], r] 

by the Jacobi identity. Thus, 3(n) is an ideal in g and adr : — ^ li.^)- 
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Due to Proposition \3.7\ K\^{n)x}{n) is positive semidefinite and its kernel either 
vanishes or is equal to M.Z. 

Since k is ad-invariant, k([T, X], [T, X]) = fi;(T, [X, [T, X]]) = for any X in 
3(n). If the restriction of n to ^(n) x ^(n) is positive definite, it follows that T 
centrahzes 3(n). Otherwise ady : 3(ti) — > ^Z. But because T generates a compact 
one-parameter group, ad^ has no real non-zero eigenvalue due to Lemma 13.31 
Especially, ad^|3(n) = 0. Thus, there exists no element X e 3(n) such that 
[T, X] 7^ 0, that is, adT|5(n) = 0. 

The nilradical N is closed in G. Since the center of N is closed in N, it follows 
that 3(n) generates a closed subgroup of G. 

RT©3(n) is an abelian subalgebra. If any X G 3(n) generated a non-precompact 
one-parameter group, then k restricted to b x b, where b := span{T, X}, would 
be positive semidefinite by Lemma 13.41 contradicting k,{T,T) < 0. That 3(n) 
generates a central subgroup now follows from Lemma 11.101 □ 

Corollary 3.21. The summand \) (being one- dimensional or a Heisenberg alge- 
bra) m n = a © P) is not abelian, that is, I) = l)z^. 

Proof. The group generated by a© R2' is compact, but the nilradical is not. □ 

Proposition 3.22. Lets := RT©[). Then f) is an ideal in q, s is a subalgebra and 
K,\sxs is a Lorentz form. Furthermore, the subgroup generated by 5 is isomorphic 
to a twisted Heisenberg group He^ if the center of the subgroup is closed in G, 
and isomorphic to a twisted Heisenberg group He^ otherwise. 

Proof. Since n is an ideal, [g, f)] C n. By Proposition 13. 7[ f) is the K-orthogonal 
complement to (a © R.Z) in n. n is ad-invariant and g centralizes (a © RZ) by 
Proposition 13.201 therefore, f) is an ideal in g. Especially, s is a subalgebra. 

Let Z-^ be the K-orthogonal complement of RZ in g. Then n C Z^. Since 
Z G 3(g) due to Proposition 13.81 (i). 



for all X, y G 0. Especially, Z is an ideal. 

By Lemma [3.111 we have [g,0] C n since g is solvable. Therefore, [Z-*-, Z-^] C n. 
For any X, y G n and W G Z^, 



<[X,Y],Z) 



k{x, [r,z]) = o 



/€(iy,[x,y]) = o 
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because [n, n] = RZ. But the kernel of K|nxn is equal to RZ, so 

[Z^, [Z^,Z^]] C RZ. 

Since Z is central, it follows that Z-^ is nilpotent, so Z-^ = n. 

Especially, n(T,Z) ^ and k\sxs is non-degenerate (since the kernel of /t|(,x() is 
HZ). Without loss of generality, k{T,Z) > (otherwise we choose — T instead 
of T). 

Assume that there would exist two timelike elements in s which are orthogonal 
to each other. Clearly, they cannot lie in f). Without loss of generality, T + X 
and T + Y with X, y G [) are these elements. Then 

> k{T + X,T + X) + k{T + Y,T + Y) 
= 2k{T, T) + 2/t(T, X) + 2k(T, Y) + k{X, X) + k{Y, Y) 
= 2k{T + X,T + Y)- 2k{X, Y) + k{X, X) + k{Y, Y) 
= k{X -Y,X -Y) >0, 

contradiction. Hence, k,\sxs is a Lorentzian scalar product. 

Let V be the K-orthogonal complement to span {T, Z} in s. span {T, Z} is cen- 
tralized by T, so V is ady- invariant. Also, V C Z-^, hence V <^ i). But Z ^ V, 
hence is a vector space complement to RZ in f). Obviously, n\vxv is positive 
definite. 

By Corollarv 11.141 we may choose a canonical basis {Z, Xi,Yi, . . . , Xd,Yd} of 
P) = fie^, such that {Xi, Yi, . . . , X^, F^i} C is /t-orthogonal. For 1 < A; < d, let 

Xu := — = and := — :. 

By construction, |Xi, Fi, . . . , X^, F^j is K-orthonormal. We define 



Xk)K(Yk, Yk) 
such that [Xfc, Yfe] = A'^Z. Let 

Afc := A'fcK(T, Z) > 0. 

Because of the ad-invariance of k, 

K{[T,Xj\Xk) = K{T,[X,,Xk]) =0 
and K{[T,X,lYk) = K{T,[X,Sk]) =5,kK<T,Z) 
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for all j and k. It follows that 

[T, Xk] = XkYk 

for all k. 

in a similar way. Therefore, s = l)c^. 

For all t G R and all /c, the action of Adcxp(tT) = exp(adjT) on spanlx^jY^j 
corresponds to the matrix 

cos(tAfc) — sin(tAfcj 
sin(tAA;) cos(tAfcj 

Since {Adexp(tT)}4gj^ isomorphic to a circle, it follows that A G rQ'^ for some 
r G R+. Due to Lemma [I.IH we may assume already A G Z^. 

The subgroup S generated by 5 is isomorphic to He^ if Z generates a circle and 
isomorphic to He^ otherwise. If 5* is not closed in G, the nilradical of S is neither, 
since = k and is compact. Thus, Proposition 1 1 . 31 implies that the center 
of A^ is not compact, especially not a circle. If S is closed in G, the center of 
S is also closed in G. But the center of S is generated by Z and Z generates a 
precompact one-parameter group by Proposition 13.201 Thus, the center of 5 is a 
circle. □ 

Denote by 5"*" the K-orthogonal complement to s in g. Since k is ad-invariant and 
5 is a subalgebra, S"*" is ad(s)-invariant. 

Proposition 3.23. S"*" centralizes n. Furthermore, S"*" C n. 

Proof. Let X G (i, V G s^. Since f) is an ideal due to Proposition 13.221 and f) C s, 
[X, F] G s n S"*- = {0}. a lies central in g by Proposition 13.201 so n = a © f) is 
centralized by S"*". So for any X G S"*", R.X + n is nilpotent. But g is solvable, so 
[0)0] ^ by Lemma [3.11[ Hence, RX + n is an ideal. It follows that X G n and 
C n. D 

Clearly, S"*- fl = {0}. So without loss of generality, we may take = 5-*- 
(remember that a was not canonically defined yet). We obtain g = s-^ ®5 = a©s 
cLS cL Kj— orthogonal direct sum of algebras. This finishes the proof of Theorem [T] 
in the case that the radical is non-compact and k is not positive semidefinite. 
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To conclude this section, we show an analogous result to Proposition 13. 191 for the 
case of twisted Heisenberg algebras. It shows that in Theorem [1] (iv) both cases 
(He^ and He^) are possible. 



Proposition 3.24. Let z be a non-trivial element of the center of He^ and 
exp{iip) G C C with e R, ^ ^ Q. Denote by T C He^ x the discrete 



central subgroup generated by {z,exp{i(f)) . Let G' := yUe^ x S-'^j/F. 

Then G' is a non- compact Lie group with Lie algebra g' = [)e^ © R and there 
is a symmetric bilinear form k,' on q' , such that k' is ad-invariant and fulfills 
condition (*) , Furthermore, the subgroup generated by f)e^ is not closed in G' and 
is not isomorphic to He^. 

Proof. The proof is done in an analogous manner as the proof of Proposition l3.19l 

It is clear that G' is a Lie group with Lie algebra g' = [)e^ ©R. G' is not compact, 
since it is solvable, but not abelian (consider Proposition I3.10p . 

Remember the isometric action of He^ (which we can consider as the quotient 
of He^ by the discrete subgroup generated by z) on the compact Lorentzian 
manifold M = He^/A given in Section 11.2.51 This action is locally effective. 
Since the kernel of p : He^ — )■ Isom(M) is discrete and normal, it is central in 
He^. Therefore, also the image is isomorphic to He^ (remember that He^ was 
defined as the quotient of He^ by any lattice of the center). Thus, we may also 
consider the image instead or equivalently suppose that the kernel of p is trivial. 
In this case, He^ as a closed subgroup of Isom(M) (since He^ = X Red and 
Hcrf is closed in Isom(M) because it is nilpotent and has compact center; see 
Proposition II. 3p . By the way, this also shows that the case of He^ can occur in 
Theorem [T] (iv). 

Any ad-invariant Lorentz form given in Proposition 11.131 defines a Lorentzian 
metric on M. It follows from Corollary 11.211 and Proposition I3.22[ that the 



induced bilinear form k fulfills condition (-k) and is Lorentzian. This means, that 



any timelike X G [)c^ generates a precompact one-parameter group in He^. 

Now define k' as follows: is equal to k, k'|rxr is positive definite and R 

and [)e^ are /t'-orthogonal. Then k' is an ad-invariant Lorentzian scalar product 
on g'. 



For showing that k' fulfills condition {-k) , it suffices to show that any timelike 



X G [)e^ generates a precompact one-parameter group in G'. 
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Let X G f)e^ be timelike and {V'*}jeR be the one-parameter group generated in 
He^. Consider any sequence {tfcj^Q C R. We want to show, that there is a 
convergent subsequence of {exp(tfcX)}^g in G' . 

From above, we know already that X generates a precompact one-parameter 
group in He^ = He^/ G Z}. Without loss of generality, the projection of 
{V'*'''}fcLo -^^rf converges there. So there is a sequence {zk}'^^^ C g Z}, 
such that il)^^z^^ converges to some if) G He^. For this, simply notice that the 
map He^ — )■ He^ is a covering map. 

By construction, 

exp(tfcX) = (^/^*^0)^ = (V'*'=z-\exp(i(^fc))r 

in G' for some exp(i(y9fc) G S^. Since is compact, we can choose a convergent 
subsequence of {exp(iy9fc)}^Q. Without loss of generality, exp(i(y9fc) — )■ exp(i^) as 
—7- oo. But then exp(tA;X) converges to (^z^, exp(i^))r as A; — ?■ oo. 

We have shown that any subsequence of the one-parameter group generated by 
X contains a convergent subsequence. Therefore, {exp(tX)}jgj^ is precompact. 

Finally, the image S of He^ in G' is dense in G', because {exp(iA;y9)}^Q is dense 
in But 5* is equal to the subgroup generated by f)c^ in G' . Since it is not 
closed, the nilradical is neither (note that S* = x and S^ is compact), so 
it follows by Proposition II. 3[ that the center of A^, which is equal to the center 
of S*, is not compact, so S is not isomorphic to He^. □ 

3.5.2 Form positive semidefinite 

In the following, we suppose that k is positive semidefinite. Note that we still 
assume q to be solvable. 

3.5.2.1 Nilpotent radical: trivial case and case of the Heisenberg al- 
gebra 

If Q is nilpotent. Proposition 13.71 yields the proof of Theorem [1] Note that we 
obtain the cases (i) and (iii). 

3.5.2.2 Non-nilpotent radical: case of the afRne algebra 

It remains the case when g is not nilpotent. Especially, q is not abelian, so by 
Propositions 11.41 and II. 5[ k is not positive definite. Let i be the kernel of k. 
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Proposition 3.25. The following is true: 

(i) [0,0] ^ i- 
(a) n is abelian. 

(Hi) i C n. Furthermore, i is one- dimensional and not central in g. 

Proof, (i) Clearly, g/i is solvable and k induces an ad-invariant positive definite 
symmetric bilinear form. By Propositions 11.41 and 11.51 g/i is abelian, that is, 
[0, 0] ^ i- 

(ii) By Lemma [3.11[ [q, g] C n. Since g is not abelian, it follows that ifln = HZ is 
one-dimensional by Proposition 13.71 Because g is not nilpotent, Z is not central 
in g. So by Proposition 13.81 (i), n is abehan. 

(iii) Assume that dimi > 1. Then i -|- n is an ideal, which is not nilpotent. It 
follows from 

[i + n, i + n] C [0, 0] C i n n = RZ, 

that there exists X G i + n, such that [X, Z] 7^ 0. Clearly, we may take X G i\n 
such that [X, Z] = Z. Consider the two-dimensional subalgebra p generated by 
X and Z. Then [aX + 13 Z, Z] = aZ for all a, /3 G R, so by Lemma aX + (3Z 
generates a non-precompact one-parameter group if a 7^ 0. Especially, we can 



apply condition (*) to p and obtain a contradiction to p C i. Thus, i = HZ. We 



have seen in (ii), that Z is not central in g. □ 
We are now able to finish the proof of Theorem [H 

Proposition 3.26. g = a © s with a abelian and s = aff(lEl) is a n-orthogonal 
direct sum. Moreover, the kernel of k|sxs corresponds exactly to the span of the 
generator of the translations in the affine group. 

Proof. We know from Proposition I3.25[ that i = is one-dimensional. Since 
[0, 0] ^ i and g is not abelian, the linear map g — )■ i defined hy W ^ [Z, W] is 
well defined and surjective. So its kernel P has codimension 1 in g and i C P. We 
choose X G g K-orthogonal to P such that [X, Z] = Z and define the subalgebra 
5 := span {X, Z} = aff(R). The kernel of k|sx3 is equal to RZ. 

Consider now the linear map P ^ i, W ^ [X, W] . Since Z E P, this map is 
surjective and its kernel a has codimension 1 in P. We obtain 



g = P ®RX = a®s 
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orthogonal direct sum of vector spaces. It remains to show that a is a 
central subalgebra in q. 

Let W, W G a. Then 

[X, [W, W']] = - [W, [W, X]] - [W, [X, W]] = 
by the Jacobi identity. Since 

[0, 0] = RZ and [X, [W, W']] = 0^[X,Z], 
[W, W] = 0. Thus, a is an abelian algebra. By construction, 

[X,a] = {0} = [Z,a], 
therefore, a is central in g. □ 

3.6 General subgroups of the isometry group 

This section is devoted to prove Theorem [21 It suffices to consider connected Lie 
subgroups G C Isom(M). 

If G is precompact in Isom(M), the result follows from Corollaries 11.71 and 11.81 
So suppose G is not precompact. 

Let G be the closure of G in Isom(M). Denote by q the Lie algebra of G, by r 
the radical and by n the nilradical of q. Since G normalizes x and n, also G does, 
that is, r and n are ideals in g. Thus, r C r and n C n. 

The following proposition is due to Maltsev and a proof can be found in |On93j . 
Part I, Chapter 1, Theorem 5.3. 

Proposition 3.27. [g, g] = [g,Q]. 

G is non-compact and by Corollary II. 2H the induced bilinear form k fulfills 



condition {-k) in Theorem [H We now distinguish between the cases (i) to (v) of 



Theorem [T] applied to G. 
3.6.1 Trivial case 

We have g = t©a with t compact semisimple and o abelian. Thus, g is reductive, 
and by Proposition II. 5[ g is compact. Due to Corollary II. 7[ g is compact as well 



and the result follows from Propositions 11.41 and 11.51 
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3.6.2 Case of the affine algebra 

We have q = t © a © s with t compact semisimple, o abehan and s = aff(R). 
Especially, = t © r with r = o © s. By Proposition I3.27[ € C g. Since r C r, it 
follows that t © r C g and hence, ^ © r = g. 

r is an ideal in r = a © s. Using s = aff(R), we obtain that r is either abelian or 
isomorphic to the direct sum of an abelian algebra (possibly trivial) and aff(R). 

3.6.3 Case of the Heisenberg algebra 

We have g = t©a©s with t compact semisimple, a abelian and s = Pie,^. Moreover, 
i^laxa is positive definite and k\sxs positive semidefinite with one-dimensional 
kernel. 

Clearly, g = € © r and r = n = a © s. By Proposition 13.271 t C g. Since r C r, it 
follows that t © r C g and hence, t © r = g. 

r is an ideal in n = a © s. Therefore, r = n. K|nxn is positive semidefinite with 
kernel having dimension at most one, so the result follows from Proposition 13.71 

3.6.4 Case of the twisted Heisenberg algebra 

We have g = t©a©s with i compact semisimple, a abehan and s = f)c^, A G Z^^. 
Additionally, K\axa is positive definite and n\sxs is a Lorentz form. Also, the 
subgroup generated by a ©3(3) is compact. 

Especially, g = ! © r. By Proposition 13^ ^ © f) C g, where f) C s with I) = f^c^. 
Since r C r, it follows that t © r C g and hence, t © r = g. 

r is an ideal in r = o © s. We first suppose that r = n. It follows that r C a © t). 
Then 

^|rxr is positive semidefinite and its kernel has dimension at most one, so 
the result follows from Proposition 13. 7[ 

Now suppose r is not nilpotent. Let {T, Z, Xi,Yi, . . . , Xd,Yd} be a canonical 
basis of s = f)e^. Since r is not nilpotent, T + X G r for some X G a © f). If 
V := span {Xi, Yi, . . . , Xa, Yd}, 

[T + X,V] = V, 

hence V G x because the latter is an ideal. [V, V] = Z, such that [) C r. It follows 
that X is isomorphic to the direct sum of f)e^ and an abelian algebra. 
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Denote by s' the corresponding subalgebra in r isomorphic to [)e^. The subgroup 
S' generated by s' is isomorphic to He^ if 3(3') =3(3) = RZ generates a circle 
and isomorphic to He^ otherwise. If 5" is not closed in Isom(M), the nilradical 
A^' of S" = X A^' is neither, so Proposition 11.31 yields that the center of A^', 
which is equal to the center of S', is not compact, especially not a circle. If S' is 
closed in Isom(M), the center of S' is also closed in Isom(M). But the center of 
S' is generated by Z and Z generates a precompact one-parameter group since 
the subgroup generated by a ©3(3) is compact. Thus, the center of S' is a circle. 

3.6.5 Case of the special linear algebra 

We have q = t © a©3 with t compact semisimple, a abelian and 3 = 3l2(R). n\sxs 
is a Lorentzian scalar product. 

Thus, is reductive. By Proposition l3.27[ [g, g] = t©3. Since r C r = a, it follows 
that r is abelian and q is reductive. Due to Proposition II. 4[ 6 © 3 © 3(0) = q. 

By a theorem of Wolf, SL2(R) has no non-trivial compact subgroup (cf. |Wo63j ) . 
Hence, if the subgroup generated by 3 is closed in Isom(M), it cannot be isomor- 
phic to a finite central quotient of SL2(R), since then all non-trivial one-parameter 



groups would be not precompact, contradicting condition (-k) (k|sx3 is a Lorentz 
form) . 

Conversely, if the subgroup generated by 3 is isomorphic to some PSLfc(2, R), 
it is a semisimple group with finite center. By Proposition II. 3[ it is closed in 
Isom(M). 
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Chapter 4 

Geometric characterization of the 
manifolds 

In this chapter, we will prove Theorems H] and We will first prove the first part 
of Theorem \5\ in Section 14.11 It turns out that our investigation will be helpful 
for the proof of Theorem H] in Section IT2l The proof of this theorem mainly relies 
on the algebraic structure of the involved Lie algebras and a remarkable property 
concerning the action of one-parameter groups with lightlike orbits (Lemma I4.3p . 

In Section 14.31 we continue with the proof of the second and third part of Theo- 
rem [51 We start with showing that the orbits of a central quotient of SL2(1R.) or a 
twisted Heisenberg group have Lorentzian character on the compact Lorentzian 
manifold they act isometrically and effectively on, in Section 14.3.11 Later, in 
Section I4.3.2[ we investigate the distribution orthogonal to the orbits of S and 
prove that it is (almost) involutive. This allows us to show the topological struc- 
ture of the manifold as announced in the theorem. Also, the most part of the 
geometric result is proved in Section 14.3.31 Finally, we look in Section 14.3.41 at 
the metric defined on S* if 5* is a twisted Heisenberg group and finish the proof 
of the theorem. 

4.1 Induced bilinear form is positive semidefi- 
nite 

Let M be a compact Lorentzian manifold and G C Isom(M) a connected closed 
non-compact Lie subgroup. We also consider its Lie algebra g = t©o©5as 
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described in Theorem [2j As usual, denote by k the induced bilinear form on q. 

Suppose that k is positive semidefinite. It follows from Corollary 11.211 and The- 
orem [H that the summand s is either trivial, isomorphic to aff(Ii) or to i)c^. 
Additionally, the kernel of k has dimension at most one. 

In the case that s is trivial, a generates the center of G. Since G is non-compact 
and ^ is compact semisimple, the center of G is not compact. Thus, there is 
some X E a generating a non-precompact one-parameter group. For any Y E q, 
p := span {X, F } is an abelian subalgebra and by Lemma [231 the set of elements 
of p generating a non-precompact one-parameter group is dense in p. It follows 
that the set of elements in g generating a non-precompact one-parameter group is 
dense in g. Proposition 11.191 vields that for all X G g, the corresponding Killing 
vector field X (cf. Proposition II. ip is everywhere non-timelike. Especially, if X 
is K-isotropic, then X is lightlike everywhere. 

Lemma 4.1. Let G be a Lie group acting isometrically and locally effectively on 
a Lorentzian manifold M of finite volume. Assume that the Lie algebra g = m©s 
is a direct sum of some arbitrary subalgebra m and a subalgebra 3, which is either 
isomorphic to aff(R.) or f)e^. 

Then the induced bilinear form k, is positive semidefinite, the orbits of G are non- 
timelike everywhere and the orbit of any n-isotropic Z E g is lightlike everywhere. 
Moreover, k{Z,Z) = z/Z G [s,s]. 

Proof. Without loss of generality, we may assume G C Isom(M). Especially, 
g C isom(M). 

First, suppose s = aff(R). Let X,Y es such that [X, Y] = Y. For any ly G m 
and A G R, 

[W + X + XY, Y] = Y, 

so by Lemma [331 W -\-X -\-XY generates a non-precompact one-parameter group 
in Isom(M). Thus, the set of X G g generating a non-precompact one-parameter 
group in Isom(M) is dense in g. 

Corollary 11.211 yields that k is positive semidefinite and for all X G g, the corre- 
sponding Killing vector field X is everywhere non-timelike by Proposition 11.191 
Clearly, if Z is K-isotropic, then Z is lightlike everywhere. Since k is ad-invariant. 



Y) = k{[X, Y],Y) = k{X, [Y, Y]) = 0. 
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Now let s = [)e^. Then for any non-central X E i)c^, there is X' G i)^^, such that 
[X,X'] 7^ 0. But [X,X'] is central, hence, ad^(X') = 0. So by Lemma X 
generates a non-precompact one-parameter group in Isom(M). 

If F G m©3(s), the subalgebra p := span {X, Y} is abelian. Thus, by Lemma l3^ 
the set of elements in p generating a non-precompact one-parameter group in 
Isom(M) is dense in p. It follows that the set of elements in g generating a non- 
precompact one-parameter group in Isom(M) is dense in q, and we can argue 
exactly as above. 

Finally, if Z G 3(3), there are X,Y E i)t^ such that [X, Y] = Z and therefore, 

k{Z, Z) = k{[X, Y],Z) = k{X, [Y, Z]) = 0. □ 

The next lemma finishes the proof of Theorem [5] (i). 

Lemma 4.2. Let {M,g) be a semi-Riemannian manifold and X a Killing vector 
field, such that g{X,X) is constant. Then the orbits of the (local) flow of X are 
geodesies. 

Proof. We have to show that V^X vanishes on M, where V denotes the Levi- 
Civita connection of M. For any vector field Y on M , 

= Yig{X,X))=2giVYX,X). 

Since X is a Killing vector field, 

g{V^X,Y)^-giX,VYX)^0. 
Thus, V^X = 0. □ 

4.2 Locally free action 

Lemma 4.3. Let M = {M,g) be a connected Lorentzian manifold and X a non- 
trivial lightlike complete Killing vector field. Then X vanishes nowhere, that is, 
X{x) ^ for all x G M . Equivalently, the action of the corresponding one- 
parameter group ip := {exp{tX)}^^^ C Isom(M) (cf. Proposition is locally 
free. 
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Proof. Let ip'^ := exp(tX) and assume, there is a; G M such that X{x) = 0. Then 
tp'^lx) = X for all t in R. 

Qx defines a quadratic form Q : T^M — )■ R. Since preserves the Lorentzian 
metric g on M, it follows that dip^ = {d'ipi}teR preserves the scalar product gx as 
well as the quadratic form Q. Thus, dtpx is a one-parameter group of isometrics 
of {TxM,gx). According to Proposition ll.lt it is associated to a complete Killing 
vector field X' on TxM . 

The isometry ip^ of M is uniquely defined by il)^{x) and dipl.. Since the action 
of ip is locally free, it follows that dipl. ^ id^^M for all t G R\r, where F is a 
free subgroup in R generated by at most one element. Thus, the flow dipx is 
non-trivial and X' does not vanish on an open neighborhood of TxM (because 
the Killing vector field X' is determined by X'{v) and V^X' for some v G TxM, 
V being the Levi-Civita connection on M). 

Let f/ C M be a star-shaped open neighborhood of x, on which the exponential 
map exp^ is invertible, and define q := Q o exp~^. 

Let V G exp~^(f/). Then 

7 : [0, 1] ^ M, 7(r) = exp^(rt;), 
is the unique geodesic with 

d 

7(0) = X, — 7(r)|^=o = V- 
ip* is an isometry with fixed point x, so {ip^ o 7) is a geodesic with 

{ij' o 7)(0) = X and ^{^P' o 7)(r)|.=o = di,l{v). 

Thus, we have 

V'*(exp,(t;)) = ^*(7(1)) = exp,(#*(t;)) 
for small t. Differentiating with respect to t in t = yields 

X(exp^(i;)) = {de-x.^x)v{X\v)). (1) 



For w G T,{TxM) = TxM, 

d d 
gx{{gra.d Q){v),w) = -^Q{v + tw)\t=o = -^gx{v + tw,v + tw)\t=o = gx{'2v,w). 
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Hence, grad Q is radial. By the lemma of Gaufi, 

5'exp,M((c?exp^)„((grad Q){v)), (rfexp^)^(w)) 
=5^0: ((grad Q){v),w) 
=dQy{w) 

=dqe^p^(v) o (c/exp^)^(w) 

=^exp, (,;)(( (grad g)(exp^(i;))), (ciexp^)^(w)). 

It follows that 

^^((grad Q){v),w) = ^exp,(^,)(((grad g)(exp^(t;))), (rfexp^)„(M;)), (2) 
(ciexp^.)^'((grad Q){v)) = (grad g)(exp^.(t;)). (3) 

Choosing w = X'{v) and later w = (grad Q){v) in Equation ([2]), we obtain 
successively with the help of Equation ([1]) 

^expj^)((grad g)(exp^(t;)),X(exp^(t;))) = ^^.((grad Q){v),X'{v)), (4) 
c/exp,(,;)((grad g)(exp^(t;)), (grad g)(exp^.(t;))) = ^^((grad Q){v), (grad Q){v)). 

(5) 

Furthermore, 

^,((grad Q){v),X\v)) = dQ,{X\v)) 

' ' |t=o 



dQ. ( ^ (rf^*(t^)) 

d_ 
di 



dt 

^ ((Qo #*)(,;)) |,=o = 0. 



because dipx preserves Q. 

It follows together with Equation (jl]), that 

= ^,((gradg)(M),X(iz)) (6) 

for all u & U. 

By assumption, = gu{X{u), X{u)) since X is lightlike. Now choose a timelike 
V G exp|j:^(f/) such that X'{v) ^ (remember that on any open neighborhood, 
X' does not vanish everywhere). Then because of Equation ([1]), X{u) ^ for 
u = exp^(t>), but the radial vector (grad Q){v) and so (grad q){u) by Equation 
are timelike. Since (grad q){u) is in the ^ftj-orthogonal complement of the lightlike 
vector X{u) by Equation ([6]), (grad q){u) is not timelike, contradiction. □ 
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Remark. Lemma 14.31 is also true if X is not complete, in this case one consider 
the local flow ip defined by X. 

Definition. Let G be a Lie group with Lie algebra g acting continuously on a 
compact topological space M. For p E M denote by Gp the subgroup of G fixing 
p and Qp its Lie algebra. 

Remark. Gp is a closed subgroup, especially a Lie subgroup. Thus, its Lie 
algebra is defined. 

Lemma 4.4. Let G be a connected Lie group with Lie algebra g acting continu- 
ously on a compact topological space M. 

Suppose there are x G M, X G 0, F G and k G such that [X, Z] = for 
Z = adx{Y). Then there exists y G M such that Z E Qy. 

Proof. It suffices to consider Z 7^ 0. Define 



for any non-negative integer i. By assumption, = Z and 1^- = if j > k. 
Let t G R. Since Y G 0^, exp(ry) ■ x = x, so it holds for all r G R: 



y,:=ad^^(F) 



exp(tX) exp(ry) exp(— tX) ■ (exp(tX) ■ x) = exp(tX) ■ x. 



This is equivalent to 



exp{tX) exp(rr) exp(-tX) G GcxpCtx)-, 



Differentiating with respect to r in r = yields 



Adexp(tX)^ e gexp(iX)-a;- 



Moreover 




It follows that 




j=0 
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for all t G R. Since M is compact, we can choose an increasing sequence {tn}^o 
of real numbers, such that — t- oo and 

exp(t„X) ■ X y e M 

as n — )■ oo. 
Since 

Z = lim ( Z + y^ ( — M = lim Zt , 

exp(rZt„) ■ (exp(t„X) ■ x) -> exp(rZ) ■ ?/ 
as n — )■ oo for all r G R. But for all n, it holds 

exp(rZj„) ■ (exp(t„X) ■ x) = exp(t„X) ■ x. 
It follows that exp(rZ) ■ ?/ = y for all r G R, so Z G □ 

Corollary 4.5. Let M be a compact Lorentzian manifold and S a Lie group with 
Lie algebra s = aff(R) acting isometrically and locally effectively on M. Then 
this action is locally free. 

Proof. Let X,Y E s such that [X, Y] = Y. By Lemma 14.11 the subgroup gen- 
erated by Y has lightlike orbits, and due to Lemma 14. 3^ it acts locally freely. 
Especially, Y ^ for all x G M. 

Suppose X + XY E 5x, A G R, for some x G M. Since 

[Y, X + XY] = -Y and [F, -Y] = 0, 

we can apply Lemma [4.41 and obtain —Y G Sy for some y G M, contradiction. 
Thus, Sx is trivial for all x G M, that is, S acts locally freely on M. □ 

Corollary 4.6. Let M be a compact Lorentzian manifold and S a Lie group with 
Lie algebra s = s(2(R) acting isometrically and locally effectively on M . Then 
this action is locally free. 

Proof. Without loss of generality, S C Isom(M). Let e, f, h E s he elements of 
an sl2-triple, that is, [h, e] = 2e, [h, f] = —2f and [e, /] = h. 
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Let K be the induced bihnear form on s. 

2Ac(e, e) = K{[h, e], e) = K{h, [e, e]) = 
because k is ad- invariant. Analogously, 

= 0. 

Because of [e, h] = — 2e and [e, — 2e] = 0, e generates a non-precompact one- 
parameter group in Isom(M) by Lemma [3.31 The same is true for /. It follows 
from Proposition II. 19^ that the subgroups generated by e and / have lightlike 
orbits everywhere. By Lemma 14. 3^ e, / ^ for all x G M. 

Let 

O^Y ■.= ah + (3e + -ff 

for some real a, (3, 7. We have to show that Y ^ Sx for all x G M. If a = 7 = 0, 
we have shown this already. 

Assume 7 7^ and choose X := e, Z := —2^6. Then 

[X, Y] = -2ae + 7/1, [X, [X, Y]] = Z and [X, Z] = 0. 

Lemma [4.41 and Z ^ Sx for all x yield the required result. 

Finally, assume 7 = 0, but a ^ 0. Choose X := e and Z := —2ae. Then 

[X, Y] = Z and [X, Z] = 0, 

so we can apply Lemma [4.41 to see that Y ^ Sx for all x G M, since Z ^ Sx for all 
x. □ 

Lemma 4.7. Lei G be a connected nilpotent Lie group acting continuously on a 
compact manifold M . If the action of the center is locally free, so is the action 
ofG. 

Proof. We may assume that G is non-trivial. Let Qq := g, Qj := [g, Qj-i] for j > 
be the descending central series of g. Since g is nilpotent, there is an integer 
k>0, such that g^ ^ {0} = Qk+i- 

Since {0} = [g,gA:], g^ ^ 3(g)- Thus, the subgroup generated by g^ acts locally 
freely by assumption. In the following, we prove by induction, that the action 
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of the subgroup generated by gj-i is locally free, if the action of the subgroup 
generated by Qj is. 

Assume the contrary, that is, there is x G M and Y G Qj-i such that Y G Qx- 
Since Y ^ 3(0), there is X G g such that [-^, ^] 7^ 0. g is nilpotent, so there 
exists an integer I > such that 

Z := ad^(r) ^0 = ad^^(y). 

By Lemma [4. 4[ Z E Qy for some y G M. But Z G Qj-i+i C g^, contradiction. □ 

We can now finish the proof of Theorem H] by showing that the action of the 
subgroup generated by s is locally free, if s = i)t^ or s = f)e^. 

Corollary 4.8. Let M be a compact Lorentzian manifold and S a Lie group with 
Lie algebra 5 = f)e^, acting isometrically and locally effectively on M. Then this 
action is locally free. 

Proof. By Lemma l^?T| the center of 3(5) is K-isotropic and the subgroup generated 
by 7^ Z G 3(5) has lightlike orbits. Due to Lemma [4. 3i it acts locally free. The 
result now follows from Lemma 14. 7[ □ 

Corollary 4.9. Let M be a compact Lorentzian manifold and S a Lie group with 
Lie algebra s = f)e^, acting isometrically and locally effectively on M. Then this 
action is locally free. 

Proof. We identify fie^ with s. By Corollary 14. 8[ the subgroup generated by 
f)e^ C f)e^ = s acts locally freely. 

Let Y G f)c^\f)c^. Then there is X G fie^ such that [X,Y] ^ (otherwise 
Y G 3(3) C [)c^, contradiction). But [X, F] G P)C^ and is nilpotent, hence 

Z := ad^(r) 7^ = ad^+^(r) 

for some integer k > 0. The subgroup generated by Z G [)e^ acts locally freely 
by Corollary 14. 8[ therefore, for all x G M, Y ^ Sx due to Lemma 14. 4[ □ 
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4.3 Induced bilinear form is indefinite 

In this section, let M = (M, g) be a compact Lorentzian manifold and G a con- 
nected closed non-compact Lie subgroup of Isom(M). According to Theorem |2l 
its Lie algebra is a direct sum g = t © a © s with t compact semisimple and a 
abelian. We assume that s is either isomorphic to s[2(R) or to a twisted Heisen- 
berg algebra t)e^ with A G Z^. 

We identify s(2(lR.) and [)e^ with s, respectively. In the first case, we choose an 
s[2-triple {e, /, h}, and we choose a canonical basis {T, Z, Xi, Yi, . . . , X^, Yd} of s 
in the latter case. 

Denote by 5* the subgroup generated by s. By Theorem [21 S = PSLfc(2, R) if and 
only if S is closed in Isom(M) in the first case and in the latter case, S = He^ if 
S is closed in Isom(M) and S = He^ otherwise. 

4.3.1 Lorentzian character of orbits 

Lemma 4.10. Let V be a real vector space, bi a symmetric bilinear form and 
62 a Lorentzian scalar product on V . If any element of the light cone of 62 is 
bi-isotropic, bi = A62 for some real number A. 

Proof. Choose a 62-orthonormal basis {vq, . . . , Vm} of V such that b2{vQ, vq) = —1. 
In what follows, let j. A; G {1, . . . , m}, j 7^ k. 



Then 



b2{Vo + Vj,Vo + Vj) = 



b2{Vo - Vj,Vo - Vj). 



By assumption, it follows that 



bi{vo + Vj,vo + Vj) = 



bi{vo - Vj,vo - Vj). 



Especially, bi{vo,Vj) = 0. Using this, A : 



bi{vo,vo) = bi{vj,Vj). 



b2{V2vo + {vj + Vk),V2vo + {vj + Vk)) = 2b2{vo,vo) + b2{vj,Vj) + b2{vk,Vk) = 



yields that 



bi{\/2vo + {vj + Vk), y/2vo + {vj + Vk)) = 0. 



Since 



bi{vo,Vj) = = bi{vo,Vk), 
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we have 

2bi{vo,VQ) + bi{vj,Vj) + bi{vk,Vk) + 2bi{vj,Vk) = 0. 
But we know already 

2bi{vo,Vo) + bi{vj,Vj) + bi{vk,Vk) = -2A + A + A = 0. 

Therefore, bi{vj,Vk) = 0. 

In summary, {t>o, . . . , Vm} is a 6i-orthogonal basis of V. Also, it holds 

-bi{vo,Vo) = A = bi{vj,Vj). 
Thus, bi = \b2. □ 



Proposition 4.11. In the situation of this section, the following is true: 

(i) The orbits of S have Lorentzian character everywhere on M if s = 5[2(1R). 
(a) The orbits of S have Lorentzian character everywhere on M if s = [)e^. 
Proof. Let x G M and consider the linear map 

l:s^ T^M, X ^ X{x) 



(cf. Proposition II. ip . Due to Corollaries 14.61 and 14.91 the action of S is locally 
free, hence, l is injective. Let b be the symmetric bilinear form on s defined by 

b{X,Y) ■.= g,{X{x),Yix)). 

The character of the orbit of S* in a; is Lorentzian if and only if & is a Lorentz 
form. 

(i) By Theorem [1] (v), the induced bilinear form k is a positive multiple of the 
Killing form k on s. Let 

0=^ X := ae + (3f + -fh 

for real parameters a,/3,7. With respect to the ordered basis {e,f,h), adx cor- 
responds to the 3 X 3-matrix 



A :-- 



/ 27 -2a\ 

-27 2(3 
\-(3 a / 
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An elementary calculation yields 



/472 + 2a/3 -2^2 -4a7\ 



-2/32 472 + 2^/3 -4/37 
\ -2/37 -2a7 4a/3 / 

/ 87(a/3 + 72) 



and 



\-4/3(a/3 + 72) 4a(a/3 + 72) 



-87(0/3 + 72) 



-8a(a/3 + 72)\ 
8/3(«/3 + 72) 

J 



It follows that 



k{X,X) = Tr(ad^) = 872 + 8a(3. 



Thus, X is K-isotropic if and only if 72 



—a (3. Moreover, ad^ = if and only if 



72 = -a/3. 

In summary, adx is nilpotent (but non-trivial), if and only if X 7^ is k- 
isotropic. By Lemma I3.3[ it follows that all non-trivial K-isotropic X generate 
non-precompact one-parameter groups. Due to Proposition 11.191 b{X, X) = if 
k{X, X) = 0. The latter is equivalent to k{X, X) = 0. We can apply Lemma [4. 101 
to see that b = Xk. Because b is the restriction of a Lorentzian scalar product, 
A > 0. 

(ii) It follows from Lemma (4. 11 that b is positive semidefinite on [)c^ x f)c^ and 
b{Z, Z) = 0. is a Lorentzian scalar product and l is injective, therefore, 
b{X,X) > for all X G i)c^\^{s). It follows that we do not have a Lorentzian 
orbit if and only if b is positive semidefinite. 

Assume b is positive semidefinite. Then the kernel of b has dimension at most 
one. But 3(3) has to lie in the kernel: 

0<b{X + XZ, X + XZ) = b{X, X) + 2A(X, Z) 

for all A G R and X E s requires 6(X, Z) = for all X E s. 

Now let D be the set of y E M where the orbit of S is not Lorentzian. D is non- 
empty, because x E D. By continuity, D is closed in M, hence D is a compact 
metric space. Furthermore, D is S'-invariant and S acts continuously on D. 

S is amenable as a solvable group (cf. |Zi86j . Corollary 4.1.7), that is, any con- 
tinuous 5'-action on a compact metrizable space has an S'-invariant probability 
measure (cf. |Zi86j . Definition 4.1.1). Let /z be the S'-invariant probability mea- 
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sure on D. 11 allows us to construct on s the symmetric bilinear form 

B{X,Y) := j gy{X{y),Y{y))dii{y). 

D 

By construction, B is ad-invariant (compare with Lemma [1.151 (iii)) and positive 
semidefinite. Its kernel is equal to 3(3). Thus, the solvable algebra 5/3(3) possesses 
a positive definite scalar product and due to Propositions 11.41 and II. 5[ 3/3(3) is 
abelian. Therefore, ^)e^ = [3,3] C 3(5), contradiction. □ 

4.3.2 Orthogonal distribution 

The distribution defined by the orbits of S will be denoted by S and by O 
we denote the distribution on M orthogonal to S. Note that S has the same 
dimension as S", because the action of S is locally free due to Corollaries 14.61 
and 14.91 Since the metric g restricted to 5 x iS is Lorentzian by Proposition 14. IH 
g restricted to (9 x (9 is Riemannian. Additionally, denote by Z the orbits of the 
center of 5* in the case that S* is a twisted Heisenberg group. 

Proposition 4.12. The distributions O for s = 312(E) and O + Z for s = i)t^, 

respectively, are involutive. 

Proof. For any point x in the manifold M, we define a vector-valued symmetric 
bilinear form '■ x — )■ by 

where proj^^ denotes the orthogonal projection to and V and W are vector 
fields in O extending v and w, respectively. Let u : O x O —> S he the form 
defined by {w^ja-gM- Note that co is correctly defined, since it is C°°(M)-linear: 
For any a G C°^(M) and vector fields V, W in O, 

u{aV, W) = proj^ {[aV , W]) = proj^ {a[V , W] - W{a)v) = crproj^ {[V , W]) . 
In the same way, uiV , aW) = (Tuiy, W). 

O and O + Z, respectively, are involutive if and only if uj is trivial or takes only 
values in Z, respectively. 
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Using the action of S on M, we can identify the vector spaces Sx and s in a 
canonical way: X E s corresponds to ^(exp(tX) ■ x)\t=o G TxM (compare with 
Proposition II. ip . Thus, we can consider u : O x O ^ s. 

Let V and W be vector fields in O extending v,w G Ox and f E S. Then 
Uf.x{dfxiv),dfxiw)) = piois^.,^ ([dfiV),dfiW)]{f-x)) 
= proj5,.. {dfx{[V,W]{x))) 
= dfx [prois^ {[V,W]ix))) 
= dfx{ujx{v,w)), 

where we have used that proj^^, ^ o dfx = dfx o proj^^, which is true because the 
isometry / preserves the distributions S and O = S~^. 

It follows by Lemma [1.151 (i) that dfx{oJx{v,w)) = Adf{ijj{v,w)). 

Since g restricted to O x O is Riemannian and the action of S preserves g and O 
as well, dfxiv) G K{v), where K{v) := {u G 0\g{u,u) = gx{v,v)}. Because M is 
compact, K{v) is compact as well. Thus, the set {{dfx{v),dfx{w))}j^g contained 
in K{v) X K{w) is precompact. uj is continuous, so {Ad/(a;(f , ly))}^^^ C s has 
to be precompact as well. 

Assume s = st2(lEl) and let X G {e, /}, so adx is three-step nilpotent. Then the 
set consisting of all 

Adexp(tx)(c^(^^,w)) = exp(adtx)(c^(^^,w)) 

= u{v,w) + t[X,u{v,w)] + —[X, [X,u{v,w)]], 
t G R, can only be precompact, if [X,co{v,w)] = 0. But 

[e, ae + (3f + 7/1] = (3h - 2-fe and [/, ae + /3f + 7/1] = -ah + 27/ 
for any real a, (3, 7. Thus, u{v, w) = 0. 

Suppose s = f)e^ and let X G f)e^. Then adx = and the set consisting of all 

Adexp(tx)(w(^^, w)) = exp(adtx)(w(^, w)) 

= u{v,w) + t[X,u{v,w)] + —[X, [X,u{v,w)]], 

t G R, can only be precompact, if [X,u{v,w)] = 0. Since this is true for all 
X G l)t^, u{y,w) has to lie in the center, that is, uj{y,w) G RZ. □ 
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4.3.3 Structure of the manifold 

In this section, we want to show that the compact manifold M is diffeomorphic to 
T\{N X 5) if s ^ s[2(R) and to V\[S Xz(s) A^) if s ^ f)e^, respectively. For this, 
we choose auxiliary Riemannian metrics on x 5* and S Xz{s) respectively. F 
will be a certain discrete subgroup in the corresponding isometry group of these 
spaces. 

Let P be any positive definite scalar product on s. We furnish S with the right- 
invariant metric Ps defined by (3. 

We transform the Lorentzian metric g on M into a Riemannian metric g' as 
follows: g' and g coincide on O x O and g' on S x S is given by /3 and the 
identification of with s as in Section 14.3.21 Additionally, O is orthogonal to S 
in both metrics. 

Lemma 4.13. For any x G M, the canonical mapping S ^ S ■ x, f ^ f ■ x, 

is an isometric covering map. S ■ x is furnished with the metric induced by the 
ambient space {M,g'). 

Proof. Since the action of 5* on M is locally free by Corollaries 14.61 and 14. 9[ 
5 — > 5* ■ a; is a covering map. 

To show that the mapping is isometric, it suffices to consider right-invariant 
vector fields on S. Let X,Y E s and X, Y the corresponding right-invariant 
vector fields on S. By construction, /^^(X,!^) = (3{X,Y). Since X is right- 
invariant, X{f) = ^ (exp(tX)/) \t=o for any f E S. Thus, the vector field X 
on S corresponds to the vector field X on S ■ x (cf. Proposition II. ip . The result 
follows from g'{X, Y) = (3{X,Y). □ 

Since O or O + Z, respectively, are involutive by Proposition \A.12\ the corre- 
sponding distribution induces a foliation on M due to the Frobenius theorem 
(cf. |Ba09j . Proposition A. 9). Let N be the leaf of O or O + Z, respectively, 
passing through a point Xq G M. We furnish N with the metric h induced by g'. 

Lemma 4.14. Suppose s = [)e^. Then Z{S), the center of S, acts isometrically 
onN = {N, h). 

Proof. Let A G R and x E N G M. The curve t H- exp{tXZ) ■ x has its tangential 
vector in Z, thus, the action of the center of on M reduces to an action on N. 
It is isometric by Proposition 14.131 □ 
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Proposition 4.15. As above, let M = {M,g'). Then the following is true: 

(i) Let 5 = st2(I^)- The mapping p : S x N ^ M , p{f, x) = f ■ x, is surjective 
and a local isometry. 

(ii) Let 3^ fie^. The mapping p : S x N M, p{f,x) = f -x, is a Riemannian 
submersion. The horizontal space can be identified with S + O^ in a natural 
way, where S denotes the distribution on S given by the tangent spaces and 
On denotes the restriction of the distribution O to N . 

Proof. Obviously, p is smooth. We know already that S preserves O. Using that 
Z generates Z{S)., we obtain in the case (ii) that for all f & S, 

d 

dfx{Z{x)) = dfxi-^ {exp{tZ) ■ x) \t=o) 
d 

= ^ (/exp(tZ) -x) \t=o 
d 

= -qI (exp(tZ) ■ (/ ■ x)) \t=o 
= Z{f-x). 

Thus, S preserves Z as well. It follows that in both cases, f ■ N is a leaf as well. 

Since the action of 5* is locally free by Corollaries 14.61 and 14.91 and O = S-^, any 
leaf of O or O + Z, respectively, in a neighborhood of a; G M is given hj f ■ N' 
for some / G 5* and A^' being the leaf through x. Thus, the image of p is open 
as well as the complement of the image of p in M. But M is connected and the 
image is non-empty, hence, p is surjective. Also, dp is surjective everywhere. It 
follows that p is a submersion. 

(i) The action of 5* on M preserves O and leaves. Hence, dp\Q^ is isometric. It 
follows from Lemma [4.13[ that dp\g is isometric as well. Using the orthogonality 
of S and O on M, we obtain that p is a local isometry. 

(ii) Locally, only the center Z{S) preserves a leaf. Therefore, the connected com- 
ponent of {f,x)ESxN in the preimage of / ■ x is equal to {{fz~^, z ■ x)\ ^^2{s)i 
which is isomorphic to the center of S. 

Let Z denote the distribution defined by the action of the center on S, f z-f for 
f E S and z G Z{S). Now consider the distribution Z^ on S orthogonal to Z with 
respect to the metric (3s- Moreover, let Z' be the one- dimensional distribution 
on S" X defined by (X, X) E Z x Z for any X G RZ. Then the horizontal 
space of the submersion p is Z^ Q) Z' Q) On and can be naturally identified with 
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S (B On using the canonical identification of Z' with Z by projecting to the first 
component. 

To show that p is a Riemannian submersion, we have to show that dp\z-^®z'®ON 
isometric. As in the first part, dp\2± and dp\opf are isometric. Using Lemma [4. 131 
and the fact, that the center of S acts iso metrically on N, dp\z' is also isometric. 
An orthogonality argument as above yields the result. □ 

Assume s = ()e^. The diagonal action (/, x) {fz~^,z ■ x) of the center Z{S) 
on S X N is isometric. If we factorize S x N through this action, we obtain 
a set denoted by S Xz{s) N. The action of Z{S) on S x N induces a foliation 
with leaves isomorphic to Z{S). Since Z{S) is a closed Lie subgroup of S, it 
follows that the leaves are closed in S* x A^. The Frobenius theorem (cf. |Ba09j . 
Proposition A. 9) gives then a canonical manifold structure on S Xz{s) Note 
that this construction is a special case of constructing manifolds with a certain 
group action (cf. |Ad01] ). 

As in the proof of Proposition 14.151 (ii), let Z denote the distribution defined by 
the action of the center on S, Z^ the distribution on S /J^-orthogonal to Z and 
Z' the one- dimensional distribution on S x N defined by {X, X) E Z x Z ioi any 
X G RZ. 

We furnish S Xz(s) N with the metric induced by the metric on Z^ ® Z' ® On, 
that is, S* X — )• S* x^(5) is a Riemannian submersion with horizontal space 
Z-^ (B Z' ® On- P induces a smooth map vr : S Xz{s) N — )■ M, which is surjective 
and a local isometry. 

Lemma 4.16. A^ = {N,h) is geodesically complete. 

Proof. Assume there is a maximal geodesic 7 in A^ which is not defined on the 
entire real line. Without loss of generality, 7 : (a, b) — j- A^, —00 < a < b < +00. 
Since the metric space A^ inherits the metric of {M,g'), {7(ifc)}^o ^ Cauchy 
sequence in A^ and M as well, if — t- 6 increases as — t- 00 (note that in 
a Riemannian space, a geodesic is locally a length-minimizing curve). M is 
compact, thus, •yitk) — )■ x in M. It follows that we can extend the curve 7 
continuously on M, such that 7(6) is defined. Since the tangent vector of 7 
is contained in O + Z on (a, 6], x G A^ by the Frobenius theorem (cf. |Ba09j . 
Proposition A. 9). Hence, we can extend 7 on A^, contradiction. □ 
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Definition. If s = f)c^, Isom^(5)(A^) denotes the subgroup of Isom(A^) consisting 
of all Z(S')-equivariant isometrics of A^. 

Proposition 4.17. Let M = {M,g') as above. Then the following is true: 

(i) p : S X N ^ M for 3 ^ skiR) and n : S Xz(s) N ^ M for s ^ l)t^, 
respectively, are covering maps. 

(a) The group of deck transformations acts transitively on each fiber. Further- 
more, any deck transformation comes from an element of S x Isom(A^) for 
3 = sl2(lR) or S X Isom2(5')(A^) fors = fie^, respectively. 

Proof, (i) All manifolds we consider are connected. Moreover, is a Rieman- 
nian homogeneous space and therefore geodesically complete. is geodesically 
complete by Lemma 14.161 Therefore, 5* x A^ is geodesically complete. Since 
S X N ^ S Xz{s) A^ is a Riemannian submersion, S Xz(s) N is geodesically 
complete as well (cf. jHer60] . Theorem 1). 

p and TT, respectively, are locally isometric. Furthermore, S x N and S Xz(s) N, 
respectively, are geodesically complete, so p and vr, respectively, are Riemannian 
covering maps. 

(ii) Assume 

P{f, x) = p{f, x') or 7r([/, x]) = 7r([/', x']), 

respectively, for {f,x) E S x N and [/, x] being the corresponding equivalence 
class in S Xz{s) N . In both cases, f ■ x = f ■ x' . Equivalently, 

X = f-'f ■ x'. 

In the proof of Proposition 14.151 we have seen that f~^f' ■ A^ is a leaf of O or 
O+Z, respectively, as well. It follows that it is equal to A^. By construction, /~ V 
corresponds to an isometry of A^ (being Z(S')-equivariant if s = ()e^, because Z{S) 
commutes with f~^f' in S). Therefore, there isip E Isom(A^) or ip E Isom^(5)(A^), 
respectively, such that f^^f'-y = 'ip{y) for all y E N . This yields for all y 

f'~'f ■^{y) = y- 



if V; V^) acts as an isometry (f of S Xz(s) N by 

f{[ly]) = [ff''f,^{y)]- 
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The action on 5* x in the other case is analogous. We know that 

7r{^{[ff',y])) = 7c{[ff,^{y)]) = 7r{[ff',y]) 

and an analogous result for the case of S* x A^, holds for all y G and f & S, 
because / ■ tpiy) = f ■ y implies // ■ ip{y) = ff ■ y. 

It follows that V9 is a deck transformation. Since each deck transformation is 
determined by the value at one point, we are done. □ 

Suppose 5 = sl2{R) and consider the covering map 5*172(11) — )■ S. It follows from 
our results above that there is a discrete subgroup F in Isom(A^) x SL2(R) acting 
freely on x SL2(R), such that M is diffeomorphic to T\(j^ x SL2(R)y We 
have seen in the proof of Proposition 14.111 (i), that if we pull back the metric g 
on M to S through the canonical map S ^ S ■ x, we obtain a positive multiple 
of the Killing form k. It follows that M = (M, g) is covered isometrically by the 
manifold A^ x SL2(R) provided with the metric 

g(x,-) = icr^ix)k), 

a : N ^ R+ smooth. Therefore, we have finished the proof of Theorem [5] (ii). 
Assume that s = f)c^ and consider the canonical defined map 

S X Isom^(5)(A^) — )■ Isom(5' Xz{s) N), 

eSx lsomzis){N) maps [f',y] G S Xz^s) N to [f'f,ij{y)]. 

It has kernel exactly {{z~^,z)}^^^f^g-^ = Z{S). Here z G lsomz{s){N) corresponds 
to the isometry x 2 ■ x. Isom2(5')(A^) is a closed subgroup of Isom(A^) and the 
kernel {{z^^, z)}^^z{s) ^ closed central subgroup of S* x Isom^(5)(A^). Thus, if 
we factor out the kernel, we obtain a Lie group S Xz{s) Isom2(5')(A^). The induced 
group homomorphism S x z{s)^somz(s){N) lsom{S x z{s)N) is injective. Thus, 
there is a discrete subgroup T C S Xz{s) Isom^(5)(A^) and a group isomorphism 
between F and the deck transformations of vr. Since every non-trivial deck trans- 
formation has no fixed point, F acts freely on 5* Xz(s) It follows that M is 
diffeomorphic to F\(S' Xz{s) N). 

4.3.4 Lorentzian metrics on the twisted Heisenberg group 

To finish the proof of Theorem O (iii) , we have to determine the Lorentzian metric 
on S Xz{s) N given by the covering map vr and the metric g on M. For this, it 
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suffices to investigate the metric m = rrix on 5* given by pulhng back the metric 
of M under the canonical map S ^ S ■ x for some a; G M. Remember that by 
Lemma [4. 131 the map 5 — t- S* ■ x is a covering map. 

By Proposition 14.111 the metric m is Lorentzian. Moreover, m is invariant under 
left translation of S, since 5* acts isometrically on {M,g). Also, m is invariant 
under right translation of S with an element of Tq ■ Z{S), where Tq denotes 
the projection of T under the continuous map S y<z(s) ^ ~^ S/Z{S) defined by 
[/, x] — )■ [/]. Let Fo be the topological closure of Fq in the Lie group S/Z{S). 
Note that S/Z{S) ^ Z{S)\S. 

Lemma 4.18. Fq is cocompact in S/Z{S). 

Proof. Consider the covering map tc : S x z{s) ^ ^ M and cover M by evenly 
covered precompact open sets. Since M is compact, we may choose finitely many 
of them, such that they still cover M. For any such precompact open set, choose 
one sheet in Sxz{s)N. The collection of these sheets is precompact and we denote 
the closure of them by A. Since M is diffeomorphic to F\(S' Xz{s) the deck 
transformations are acting transitively on the fibers, so T ■ A = S x z{s) ^ ■ 

Let B denote the projection of A under the continuous map S Xz(s) N — )• S/Z{S) 
defined by [/, x] —?■[/]. B is compact and B - Tq = S/Z{S) (remember that Fq is 
acting from the right on S/Z{S)). 

Thus, B ■ Tq = S/Z{S). To show that {S/Z{S))/Tq is compact, we have to 
show that any sequence {/fcFoj^Q, fk ^ S/Z{S), has a convergent subsequence. 
Choose bk E B and 7^ G Fq such that 6^7^ = fk- B is compact, so we may 
choose a convergent subsequence {fefcTo}"^^. Thus, /fcTo = bkjTo converges as 
j — )■ 00. □ 

Proposition 4.19. {S/Z{S))/rQ admits an S -invariant probability measure. 

Proof. The Lie algebra of S/Z{S) is isomorphic to [)e^/lRZ. Then ad[x] = if 
X G [)e^ and ad[T] is semisimple and has only purely imaginary eigenvalues since 

ad[r]([Xfc]) = Afc[Yfe] and ad[T]([>fc]) = -^k[Xk] 

for all 1 < < Since S/Z{S) is connected, it follows that for any / G S/Z{S), 
Ad/ is semisimple and all its eigenvalues have absolute value 1. Thus, S/Z{S) as 
well as Fq are unimodular, so {S/Z{S))/rQ admits a non-trivial S'/Z(S')-invariant 
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Borel measure, which is unique up to a constant factor (cf. |Bo04] . Chapter VII, 
Paragraph 2, Theorem 3, Corollary 2). Note that this measure is induced by the 
bi-invariant Haar measure on S/Z{S). 

By Lemma l4.18l Fq is cocompact in S/Z{S), hence the measure on {S/Z{S))/To is 
finite. Without loss of generality, we may assume that the measure is a probability 
measure. Note that the quotient map S — )■ S/Z{S) yields an ^'-action on the space 
{S/Z{S))/Tq by multiplication from the left. □ 

Consider the space S'^s of symmetric bilinear forms on s. S acts on S'^s via the 
adjoint representation: 

(/ ■ b){X,Y) := 6(Ad;-i(X), Ad;-i(r)) 

for any f E s,b E S'^s. We investigate the S-orbit of m in S^s. 

Since the center Z{S) is equal to the kernel of Ad, the ^-action factors to an 
action of S/Z{S). 

We know that m is invariant under right translation of 5* with an element of 
Fq ■ Z{S), hence m is Ad(Fo ■ Z(5'))-invariant. It follows that Fq acts trivially on 
the orbit of m. Thus, by Proposition 14.191 {S/Z{S))/ro induces an ^-invariant 
probability measure /i on S'^s. Because the Haar measure of S/Z{S) induces this 
measure, the support of /i is equal to the whole orbit of m. 

Let H be the subgroup generated by f)e^ in S. Then the S'- action above yields 
an iY-action on S'^s. Applying the Fiirstenberg lemma in form of Corollary I1.18[ 
we obtain a Lie group homomorphism g : H K into a compact group K in 
GL(S'^s) such that the if-action on the orbit of m coincides with the action of 
K. 

Remark. The center Z{S) acts trivially on S'^s, so g induces a Lie group homo- 
morphism g' : Hcrf — )■ K. Note that a Lie group homomorphism He^ — )■ K with 
a compact group K, which is trivial on the center, is not necessarily trivial. For 
example, if d = 1, consider the homomorphism Hei — )■ SO (4) defined by 

\ 


cos(y) - sin(y) 
sm{y) cos{y) / 

Examples for higher dimensions can be constructed easily in the same way. 



^1 X z 
1 y 
\0 ij 



V 



'cos(^a;j 
sin(x) 





— sm(^a;j 
cos(x) 
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Proposition 4.20. m is an ad-invariant Lorentz form on s. 
Proof. LetV:= span {X,,Y,, . . . , X,, Y^}. 

We know aheady that m is Lorentzian. From the proof of Proposition 11.131 (ii) 
follows, that it suffices to show 

m(T, Xk) = = m(T, Yk) and m(Z, Z) = = m{Z, Xk) = m{Z, Yk) 

for al\l<k<d, 

m{Xk, Yj) = and m{Xk, Xj) = 6jkm{T, Z) = m(Yk, Yj) 

for all j,k = 1, . . . ,d. Since H is acting precompactly on the orbit of m, the 
value (/ ■ m)(T, T) is bounded by a constant depending only on T, for all f E H. 
Choosing / = exp(— tX^) for an arbitrary k and using 

[Xk,T] = -X,Yk, [Xk, [Xk,T]] = -XlZ, 

we obtain that 

m(Adexp(tXfe)(7'), Adexp{tXfc)(7')) = m(T - tX^Yk - —XlZ,T- tXkYk - ^A^Z) 

is bounded for all t G R. But the latter is equal to 

m(T, T) - 2tXkm{T, Yk) + t^Xl (m(n, Yk) - m{Z, T)) 
+ t'XlmiY,,Z) + ^-^XtmiZ,Z) 

and a polynomial is bounded if and only if it is constant. Hence, 

m(T, Yk) = m{Yk, Z) = m{Z, Z) = and m{Yk, Y^) = m{Z, T). 

Analogously, if we choose / = exp(tYfc), we obtain 

m(T, Xk) = m{Xk, Z) = and m{Xk, X^.) = m{Z, T). 

In the same way as above, for any j and k, 

m(Adexp(iXfe)(7'), Adexp(tXfc)(-^i)) = ^{T - tXkYk - —XlZ,Xj) 

= m{T, Xj) - tXkm{Yk, Xj) - —Xlm{Z, Xj) 
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is bounded for all real t. Thus, 

m{X„Yk) = 0. 
Replacing Xj hj Yj, j ^ k, we obtain 

m{Yj,Yk) = 

ii i ^ k. Analogously, 

m(X,-,Xfc) = 

if ]^k. □ 

To conclude this section, we show that there exists essentially only one ad- 
invariant Lorentzian scalar product on s. 

Proposition 4.21. Any two ad-invariant Lorentzian scalar products &i,&2 on s 
are equivalent, that is, there is an automorphism L : s — )■ s, such that for all 
X, F G s, 6i(X, Y) = b2{L{X), L{Y)). 

Proof. Let b be an ad-invariant Lorentzian scalar product on s. The second part of 
Proposition II . 131 implies that any two a, /3 G R, a > 0, determine an ad-invariant 
Lorentzian scalar product. In the case of b, a = b{T, Z) and /3 = b{T,T). 

The linear map L : s — )■ 5 defined by 

T^T- —Z and X ^ X for all X G f)e., 

2a 

is an automorphism. Moreover, 

biLiT),L{T)) = P-2^b{T,Z) = 0. 

Thus, up to equivalence, we may assume (3 = 0. 
If we define L by 

1 11 
T ^ T, Xk^ -^Xk, Yk ^ —=Yk, Z ^ -Z for all 1 < A; < d, 
\/a \ a a 



we also obtain an automorphism of s. We have 

6(L(T),L(Z)) = -6(T,Z) = 1. 

a 

So up to equivalence, a = 1, and b is uniquely determined. □ 
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Chapter 5 

Compact homogeneous 
Lorentzian manifolds 

In the following, we will investigate compact homogeneous Lorentzian manifolds, 
especially those, whose isometry groups have non-compact connected compo- 
nents. We use the geometric description of Theorem [5] to prove Theorem |6] in 
Section 15.11 

We continue in Section with giving a reductive representation for any compact 
homogeneous Lorentzian manifold. In the case that the connected component of 
the identity in the isometry group is compact, the statement can be shown in 
the same way as in the Riemannian case. For the more interesting case of non- 
compact connected components of the isometry group, the induced bilinear form 
K yields a reductive representation. Additionally, we show that the isotropy group 
of a point has compact connected components. 

Although the representation given in Section 15.21 seems to be quite natural, we 
use a different one in Section 15.31 that is more convenient with respect to calcu- 
lational purposes. This representation allows us to determine the local geometry 
of compact homogeneous Lorentzian manifolds whose isometry groups have non- 
compact connected components. 

5.1 Structure of homogeneous manifolds 

Let M = (M, g) be a compact homogeneous Lorentzian manifold and denote 
by Isom°(M) the identity component in the isometry group. We suppose that 
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Isom (M) is not compact. Additionally, let isom(M) = £ © a © s be the decom- 
position of its Lie algebra according to Theorem |2j Due to Corollary 11.211 and 
Theorem [H this decomposition is K-orthogonal, where k is the induced bilinear 
form on i5om(M). 

In a homogeneous semi-Riemannian manifold, each tangent vector can be ex- 
tended to a Killing vector field (cf. |UN83j . Corollary 9.38). Thus, the orbits of 
the isometry group on the Lorentzian manifold M have Lorentzian character. It 
follows from Theorem El that s = s[2(R) or s = []e^. 

Let S be the subgroup generated by s and denote by S the distribution defined by 
the orbits of S. We can apply Theorem [5] (ii) and (iii) to see that M is isometric 
to r\^A^ Xo- SL2(R)j or r\(S' y<z{s) respectively. is a Riemannian mani- 
fold and r is a discrete subgroup in Isom(A^) x SL2(R) or S ^z(s) Isom^(5)(A^), 
respectively. 

Remember that in Theorem O (ii) and (iii), was a leaf of the involutive distri- 
bution C (s ^ sl2(R)) or C + Z (s ^ ()e^), respectively. O was the distribution 
orthogonal to S and Z denoted the orbit of the center of S', if is a twisted 
Heisenberg group. 

Let H be the isotropy group of a point xq G A^ C M in Isom°(M). Denote by f) 
its Lie algebra. 

Proposition 5.1. In the situation of this section, the following is true: 

(i) Assume that s = s[2(R). Then t) C £ © a. 

(ii) Assume that s = [}c^. Then [) C 6© a©3(s). 

In both cases, it follows that the identity component of H is compact. 

Proof (i) Take Y = A + W E i) with A e t ® a, W E s. If {e, /, h} is an 
s[2-triple of s (fulfilling [h,e] = 2e, [h, f] = —2f, [e, f] = h), then adg and ad/ 
are nilpotent. 

Due to Theorem HI the subgroup generated by s acts locally freely on M. Using 
[-5, ^] ^ 5 and Lemma 14.41 with X = e or X = /, we obtain [e, F] = as well as 
[/, Y] = 0. By the Jacobi identity, 

[h,Y] = [[e,flY] = [[e,Y]J] + [[YJle] = 0, 



so ly = 0. 
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Therefore, f) C { © a. Theorem [T] together with Corollary 11.211 states that the 
subgroup generated by a is compact. The compact semisimple algebra i also gen- 
erates a compact subgroup (cf. |Bo05j . Chapter IX, Paragraph 1.4, Theorem 1). 
Thus, the subgroup generated by [) is compact as well, since it is closed. 

(ii) Take Y = A + W e i) with A e a, W e s. Let X be an arbitrary element 
of the nilradical of s, which is isomorphic to [)c^. 

Due to Theorem |H the subgroup generated by s acts locally freely on M. Using 
[s, y] ^ s and Lemma [4.41 we obtain [X, Y] = 0. Since this is true for any X as 
above, W centralizes the nilradical of s. It follows that IV G 3(3) because 5 is a 
twisted Heisenberg algebra. 

Therefore, f) C € © a © 3(5). Theorem [T] together with Corollary 11.211 states that 
the subgroup generated by o©3(s) is compact. We can now conclude exactly as 
in (ii), that {) generates a compact subgroup. □ 

Proposition 5.2. In the situation of this section, N is a compact homogeneous 
Riemannian manifold. 

Proof. Consider the decomposition isom(M) = t © a © s, where s is isomorphic 
to 5(2 (R) or {)e^, respectively. Let C be the subgroup generated by 

c:=t©aor c:=l©a©3(s), 

respectively. But a and a © 3(3), respectively, generate compact subgroups by 
Corollary 11.211 and Theorem [TJ { is compact semisimple and also generates a 
compact subgroup (cf. [Bo05j . Chapter IX, Paragraph 1.4, Theorem 1). Thus, C 
is compact. 

The centralizer of S in Isom°(M) is a Lie subgroup, whose Lie algebra coincides 
with the centralizer of s in isom(M) (cf. |Un93j . Part I, Chapter 2, Theorem 2.8). 
But the centralizer of s is given by c, therefore, C is contained in the centralizer 
of 5. 

Let f E C. Using //' ■ x = f'f ■ x for all x G M and /' G S, we see that / 
preserves the orbits S of S. But / is an isometry, so O = iS"*" is preserved as well. 
Restricting /' to elements of the center of S, we also obtain that / preserves Z 
in the case s ^ f)e^. Thus, for all / G C, / ■ is a leaf of the foliation induced 
by the involutive distribution O or O + Z, respectively. 
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If / G S*, then O is obviously preserved by /. Using that Z{S) is central, we see 
that / preserves Z in the case 5 = fie^ as well (see the proof of Proposition I4.15|l . 
As above, f ■ N is a leaf for all / G 5. 

Because isom(M) = c + s, it follows that f ■ N is a leaf for all / G Isom°(M). 

Let C'^ be the identity component of the subgroup C in Isom°(M), which maps the 
leaf to itself. Since M is homogeneous, for any x,y & N there is / G Isom(M), 
such that f -x = y. But f -N is also a leaf, hence f ■ N = N and f G C. It follows 
that is a homogeneous space. Since A^ is connected, acts transitively on A^. 

Let be the Lie algebra of C. By definition, any Killing vector field generated 
by an element of 7 has to lie in O or O + Z, respectively. But O = and 
Z is the orbit of the center of S, if it is a twisted Heisenberg group. Thus, is 
K-orthogonal to s in the case s = s[2(lR) and c" C 0+3(3) if s = f)e^, where is 
the K-orthogonal complement of s in isom(M). It follows that 

? C c and C° C C. 

We want to show that C° = C. Suppose the contrary. Then for any neighborhood 
U of the identity in C, there is / G t/, such that f ■ N is not equal to A^. 

Let U' be a neighborhood of the identity in S. Since the action of S" on M is 
locally free by Corollaries 14.61 and 14.91 and O = S-^, any leaf is locally given by 

/' ■N,fe U'. 

If the neighborhood U is small enough, then for any f & U, such that f ■ N is 
not equal to A^, there is /' G U' such that f ■ N = f ■ N. 

Since C° acts transitively on A^, the map C*^ — )■ A^, / 1— / ■ xq, is a locally trivial 
fiber bundle. So if we fix a neighborhood U of the identity in C*^, U ■ Xq is a 
neighborhood of Xq in A^. It follows that if U' and U are sufficiently small, we 
can choose f E U, f E U' , such that 

f-N = f'-Nj^N, 

and there is / G t/ such that 

fr^f ■ xo = xo, 

that is, 

//- V e H. 
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If the neighborhoods U, U' and U are sufficiently small, even 

where is the identity component in H . 

By Proposition I5.H f) C c. Therefore, H*^ C C . Thus, 

ff-'f e C. 

Using that / G C° C C and / G t/ C C, it follows that 

fee. 

If U is small enough, it follows from c fl s = 3(3) that /' is contained in the 
subgroup generated by lis). But the latter group preserves N, contradicting 
f ■ N ^ N. Hence, = C and C° is compact. It follows that N is compact as 
well. □ 



Let s = sl2(R). Since C acts transitively on A^, it follows that a has to be 
constant. Therefore, M is covered isometrically by the metric product x 
SL2(R), where SL2(R) is furnished with the metric defined by a positive multiple 
of the Killing form of 3(2 (R). 

Assume s = f)e^. In the same way as above, we see that the map m : — > is a 
constant, which we denote now by m. Due to Proposition I4.20[ m is ad-invariant. 

The proof of the last proposition shows even more: 

Corollary 5.3. In the situation of this section, the following is true: 

(i) Let s = sl2(R). Then Isom'^(M) is isomorphic to a central quotient of the 
group C X SL2(R). Here C is the identity component of the centralizer of 
the projection ofV to Isom(A^). C acts transitively on N . 

(a) Let 5 = P)e^. Then Isom''(M) is isomorphic to a central quotient of the 
group S y<z{s) C. Here C is the identity component of the centralizer of the 
projection ofV to Z{S) ■ \sov[iz(s){.N) . C acts transitively on N . 

Proof. We have seen in the proof of Proposition 15.21 that the compact subgroup 
C generated byc:=t©aorc:=t©a©3(s), respectively, preserves the leaf N 
and acts transitively on A^. Therefore, we can see C as a subgroup of Isom(A^). 
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In case (ii), C is even a subgroup of Isotsiz{s){.N), since 3(5) is central in c, so any 
isometry in C commutes with the action of Z{S). 

Because of M = T\i^N x SL2(E)) or M = r\{S Xz{s) N), respectively, an ele- 
ment of Isom(A^) or Isom2(5')(A^), respectively, induces an isometry of M if and 
only if it commutes with the projection of F to Isom(A^) or Z{S) ■ Isom^(5)(A^), 
respectively. Note that by Theorem F is a discrete subgroup of the group 
Isom(A^) X SL2(1R) or S y<z(s) ^^omz(s){N), respectively. In the latter case, the 
projection to Z{S) ■ Isom^(5)(A^) is given by 

[f,i:]^Z{S)-ijChomz(S){N), 

[/, ip] is the equivalence class of (/, ip) E S x Isom2(s') ( A^) in S Xz{s) Isom2(5)(A^). 

In the case (ii), Z{S) is contained in S and C and acts as the same group of 
isometrics on M. Thus, 5* Xz(s) C is defined. 

The Lie algebra of C x S or S* Xz(s) C, respectively, is isomorphic to the Lie 
algebra of the isometry group, isom(M) = { © a © 5. 

The action of C x 5* or S* Xz{s) C, respectively, on M is clearly locally effective. 
Additionally, 5* and C are Lie subgroups of Isom°(M). Therefore, the canonical 
Lie group homomorphism C x 5 — t- Isom°(M) 01 S x z[s) C ^ Isom''(M), re- 
spectively, is surjective and the kernel is a discrete central subgroup of C x or 
S ^z{s) C, respectively. 

Finally, the covering SL2(R) — )■ 5* is central in the case (i). □ 

Consider the canonical projection P : Isom(A^) x SL2(1R) — ?■ SL2(1R) (projection 
to the second component) or P : S Xz{s) Isom^(5)(A^) — > S/Z{S) (projection to 
the first component), respectively. In both situations, P is a continuous homo- 
morphism, which is surjective and has kernel Isom(A^) or kernel isomorphic to 
Isom^(5)(A^). 

Since is a compact Riemannian manifold by Proposition 15. 2[ Isom(A^) is com- 
pact. Isom^(5)(A^) as a closed subgroup of Isom(A^) is compact as well. Thus, in 
any case, P has compact kernel. In the following lemma, we show that Fq := -P(F) 
is discrete. 

Lemma 5.4. Let G and G' be connected Lie groups and P : G ^ G' he a 

surjective continuous homomorphism with compact kernel. If T G G is discrete, 
P(F) C G' is discrete as well. 
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Proof. Assume the contrary. Then there is a sequence {fk}^=Q of distinct elements 
in r, such that P{fk) P{f) converges in G" as — ?■ oo for some f E G. 

Since G — t- G" is a locally trivial fiber bundle with fiber ker(P), there is a sequence 
{Pk}'kLo ker(P), such that fkPk — ^ / converges in G as A; — > oo. But ker(P) is 
compact, hence, we may assume already that Pk P converges. It follows that 
fk fp~^ as /c — )■ oo, contradicting the fact that T is discrete. □ 

By Lemma [4.181 we know that Fq = Fq is cocompact in S/Z{S) in the case that 
S" is a twisted Heisenberg group. Thus, Fq is a uniform lattice in S/Z{S). We 
will now show that the corresponding result is true in the case that S is locally 
isomorphic to SL2(R). The proof of the following lemma is done in the same way 
as the proof of Lemma 14.181 

Lemma 5.5. Let s = sl2(lR). Then Fq is cocompact in SL2(1R). Thus, Fq is a 
uniform lattice. 

Proof. Consider the covering map p : N x SL2(1R) — )■ M and cover M by evenly 
covered precompact open sets. Since M is compact, we may choose finitely many 
of them, such that they still cover M. For any such precompact open set, choose 
one sheet in x SL2(R). The collection of these sheets is precompact and we 



denote the closure of them by A. Because M = F\(A^ x SL2(R)), the deck 



transformations are acting transitively on the fibers. Hence, T ■ A = N x SL2(R). 

Let B denote the projection of A under the projection N x SL2(R) — ?■ SL2(R). 
B is compact and B -Tq = SL2(R). 

We want to show that SL2(R)/Fo is compact. Equivalently, we have to show 
that any sequence {/fcFoj^o; fk ^ SL2(R), has a convergent subsequence. For 
all k, choose hk E B and 7a: G Fq such that hk^ik = fk- B is compact, so we may 
choose a convergent subsequence {fefcToj^Q. Therefore, fkj^o = &fcTo converges 
as j — )■ oo. □ 

The kernel of the projection F — )■ Fq is (isomorphic to) a discrete subgroup 
of Isom(A^) or lsomz{s){N), respectively. Note that the kernel is finite, since 
the latter groups are compact. Any element of the kernel can be written as 
(V', e) G Isom(A^) x SL2(R) or [e,ip] G S Xz{s) Isom^(5)(A^), respectively, e being 
the identity element of the corresponding group. 
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Consider now the covering maps p : N x SL2(R) — )■ M and 7^ : S x z{s) N ^ M, 
respectively, defined as in Proposition 14.171 By definition, 

ip{xo) = piifixo), e) = p{{i), e)(xo, e)) = p{xo, e) = xq 

in the first case. Analogously, 

^jJ(xo) = ■K{[e,ip{xo)]) = 7r([e, ?/']([e, Xq])) = 7r([e,a;o]) = Xq 

in the second case. It follows that {ip,e) and [e, ■?/'], respectively, have the fixed 
point {xo,e) on N x SL2(R) or [e, Xq] on 5* Xz{s) N, respectively. But T acts 
freely, so it has to be the identity element. Thus, the kernel of the projection 
r — )■ To is trivial. 

It follows that r projects isomorphically to Fq. In the case (i) of the theorem, we 
obtain that F is the graph of a homomorphism g : Tq ^ Isom(A^). 

F corresponds to the group of deck transformations. Since M is homogeneous, the 
centralizer of F in the isometry group of the covering manifold acts transitively 
(cf. |Wo61j . Theorem 2.5). This completes the proof of Theorem [61 

5.2 General reductive representation 

Let M be a compact homogeneous Lorentzian manifold and G := Isom°(M). G 
acts transitively on the Lorentzian manifold M. We consider the isotropy group 
H C G oi some point x G M. Denote by P) C g the corresponding Lie algebras. 

If G is compact, H is compact as well, since H is a closed subgroup. By Proposi- 
tion 11.51 Q possesses an ad-invariant symmetric bilinear form b, which is positive 
definite. G is connected, therefore, b is Ad(G)-invariant. Now choose m to be the 
6-orthogonal complement to f) in g. m is Ad (i/) -invariant, because f) and b are. 

Suppose in the following that G is not compact. By Proposition l5.H the connected 
component of H is compact. To finish the proof of Theorem [TJ we have to find a 
reductive representation of M. 

According to Theorems [2] and [6l we have a decomposition g = t © a © 5, where 
i is compact semisimple, a is abelian and s is either isomorphic to 5(2 (R) or 
to P)e^, A G Z^. Moreover, the induced bilinear form k on g is Lorentzian by 
Corollary 11.211 and Theorem [H 

K, is ad-invariant and G is connected, so k, is Ad(G')-invariant. Since the subgroup 
generated by s acts locally freely on M by Theorem |U s fl f) = {0}. It follows 
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from Theorem [T] and Proposition [5]T1 that k restricted to [) x P) is positive definite. 
For this, note that 3(3) is K-isotropic in the case s = f)e^. 

Choosing m to be the K-orthogonal complement of [) in q, we are done. 

5.3 Geometry of homogeneous manifolds 

In this section, we will describe the geometry (mainly in terms of curvature) of 
compact homogeneous Lorentzian manifolds M = {M,g), whose isometry groups 
Isom(M) have non-compact connected components. According to Theorem [6l 
Isom°(M) contains either a subgroup isomorphic to a central quotient of SL2(1R) 
or a subgroup isomorphic to a twisted Heisenberg group He^ or He^. 

In Paragraph 15.3. 1[ we give an overview of the theorems concerning reductive 
homogeneous semi-Riemannian manifolds, which we will use in the sequel. This 
presentation is standard, for the most part, we refer the reader to |Ar03j . Chap- 
ters 4 and 5. Note that our sign of the Riemannian curvature tensor is different 
than in |Ar03] . 

In the Paragraphs 15.3.21 and 15.3.31 we describe the geometry of the homogeneous 
manifold, if the Lie algebra of Isom(M) contains 5l2(lR) or f)e^, respectively. 
Especially, we investigate the curvature of Lie groups with Lie algebra sl2(ltl) or 
[)e^, respectively, provided with the bi-invariant metric defined by an ad-invariant 
Lorentzian scalar product on st2(R) or f)e^, respectively. 

In Paragraph I5.3.4[ we prove Theorems |8] and |9l These results follow directly 
from our investigation in Sections 15.3.21 and 15.3.31 

5.3.1 Curvature and holonomy of homogeneous semi-Rie- 
mannian manifolds 

Let M = (M, g) be a homogeneous semi-Riemannian manifold and Xq G M. 
By definition, the action of Isom(M) on M is transitive. Let G be a Lie group 
and p : G Isom(M) be a Lie group homomorphism, such that p{G) still acts 
transitively. Let if C G be the isotropy group in G of Xq, that is, H consists of 
all elements of G having fixed point. Then if is a closed subgroup and 

M = G/H. We will assume that G/H is reductive. 

Denote by q and f) the Lie algebras of G and H, respectively, f) C g. Since G/H 
is reductive, there is an Ad(if)-invariant vector space m complementary to [) in 
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0. Note that m does not have to be a subalgebra. For X G g, we will write 
for the m-component of X with respect to the decomposition q = mQ)i)- 

Remember the identification of isom(M) with H[[c(M) in Proposition II. ![ where 
X G i5om(M) was identified with the complete Killing vector field X defined by 
X{x) := ^(exp(tX) ■ x)\t=o. The differential dp : q ^ \sova.{M) allows us then to 
obtain a canonical map q — )■ t\[[c{,M), X ^ X. 

Proposition 5.6. m = T^^M , where the identification is given hy X ^ X{xq). 

Proof. Since M = G/H, the map g — T^^M defined in the same way as above 
is surjective and has kernel exactly f). Thus, m = T^^^M. □ 

Definition. The map H — t- GL{TxqM), h — t- d{g{h))xo, is called the isotropy 
representation of G/H. G/H is called isotropy irreducible, if the isotropy repre- 
sentation is irreducible, that is, there are no other if-invariant subspaces in T^qM 
than {0} and T^^M. G/H is called weakly isotropy irreducible, if any if-invariant 
subspace in T^^M is either trivial or degenerate (with respect to the metric g^o). 

Remark. Note that isotropy irreducibility implies weak isotropy irreducibility. 

Proposition 5.7. In the situation above, the following is true: 

(i) Using the isomorphism T^^M = m, the isotropy representation of G/H 
corresponds to the adjoint action of H on m. 

(a) The metric g on M corresponds to an Ad{H) -invariant scalar product {■,■) 
on m. Conversely, any Ad{H) -invariant scalar product (-,■) on m defines 
a semi-Riemannian metric g on M. 

Proof, (i) This follows from [Ar03j . Proposition 4.5. 

(ii) The proof of Proposition 5.1 in (ArOSj works in the same way also in the case 
of semi-Riemannian metrics. □ 

Let (■, ■) denote the scalar product on m associated to g. 
Definition. The map U : m x m — )■ m is determined by 

2(f/(X, Y),Z) = {[Z, XU, Y) + {X, [Z, Y]^) 



for all X,Y,Z e m. 
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Clearly, U is symmetric and bilinear. U vanishes in the case of an ad-invariant 
scalar product (■,■). 

Let V denote the Levi-Civita connection of M. 

Definition. For u,v,w,z G T^M, the Riemannian curvature tensor R is deter- 
mined by 

R{u, V, w, z) := gxiVuVyW - Vy^uW - ^pm^, z) 
for any vector fields f/, V,W on M extending u, v, w. 

If i5 is a non-degenerate subspace of (Tj-M, (7^) and {v,w} a basis of {E,gx), the 
sectional curvature Ke is defined by 

R{v,w,w,v) 
Q{v,w) 

where Q{v, w) := g^{v, v)g^{w, w) - g^{v, w^. 

Let {vi, . . . ,Vn} be an orthonormal basis of {TxM,gx) and ej := gx{vj,Vj) for 
j = 1, . . . ,n. For u,w E T^-M, the real-valued Ricci tensor Ric is given by 

n 

Ric{u,w) := ejR{u, Vj, Vj, w). 

For u G TxM, the vector-valued Ricci tensor Ric is determined by 

gx{Ric{u),w) = Ric(-u,w) 

for all w G T^M. 

Finally, the scalar curvature seal is given by 

n 

seal := ejRic{vj, Vj). 

Note that isometrics of M respect the curvatures defined above. Since M is 
homogeneous, it suffices to know the curvature at the single point Xq. We now 
characterize the Levi-Civita connection and the sectional curvature in terms of 
the decomposition g = m © f) of the Lie algebra. We use the identification of 
TxgM with m given in Proposition 15.61 
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Proposition 5.8. Let X,Y G m. Then 



R{X,Y,Y,X) 



--[X,YU + U{X,Y), 

-^{[X, YU [X, YU - i([X, [X, YUU Y) 

-^{[Y,[Y,XUU,X) + {Y,[[X,Y]^,X]) 

+ (t/(X, F), f/(X, Y)) - {U{X, X), f/(F, Y)). 



Proof. See |Ar03j . Proposition 5.2 and Theorem 5.3. 



□ 



For the definition of holonomy and basic resuhs, we follow |Ba09] . Chapter 5. 

Definition. Let x G M and denote by Q{x) the set of closed piecewise smooth 
paths 7 starting and ending in x. If we restrict to null-homotopic paths 7, we 
denote the corresponding set by Qo{x). Additionally, let : T^M — )■ T^M be 
the parallel transport along 7 with respect to V. 

Then Hola;(M) := {-P7I7 G Q{x)} is the holonomy group of M = {M,g) with re- 
spect to the base point x. Hol°(M) := {P^\'j E rio{x)} is the restricted holonomy 
group of M = (M, g) with respect to the base point x. 

Remark. Since parallel transport is an orthogonal transformation, 



If (5 : [0, 1] — )■ M is a piecewise smooth path connecting 5(0) = Xq and 5(1) = x, 
the holonomy groups with respect to the base points x and Xq are conjugate to 
each other: 



Therefore, we know the holonomy of M if we calculate only the holonomy group 
of M with respect to the base point xq. 

For the following, see |Ba09j . Proposition 5.1: 

Proposition 5.9. Hol^(M) is a Lie subgroup of 0{TxM,gx). The restricted 
holonomy group Hol^(M) is the connected component of the identity in YLolxiM). 

Definition. The holonomy algebra {)ot^(M) C so{TxM, g^) is the Lie algebra of 



Hol°(M) C HoU.(M) C 0{T,M,g,). 



HoL(M) = Ps o HoL„(^) ° P5 ■ 



HoU(M). 
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If X is a Kilhng vector field on M, the mapping (VX){xq) : T^^M — )■ T^^M, 
V I— 7- Vi,X, is skew-symmetric with respect to Qx^- 

Definition. Using the identification of {T^^M, g^^) with (m, (■,■)) given in Propo- 
sition |521 5o{Tx^M, g^g) = 5o(m, (■, ■)) and we can consider the homomorphism 
An, : m ^ so(m, (-, ■)) defined by An,(X)F := VyX(xo) for all X,Y em. 

By Proposition Am{X)Y = l[X,Y]m + U{X,Y) for all X,Y e m. Since m 
and (■, ■) are Ad(if)-invariant, ad^lm G so(m, (■, ■)) for all Z G P). 

Proposition 5.10. i)oi^g{M) C solT^^M, g^^) = so(m, (■, ■)) is given by 

f)ol^^(M) = mo + [An,(m),mo] + [A„,(m), [A„,(m),mo]] + . . . , 

where rrio is the subspace in so(m, (•, ■)) spanned by 

{[A„,(X), A„,(F)] - AU[X,YU) - ad[x,y]„ \X,Yexn}. 
Proof. See |KoNo69j . Chapter X, Corollary 4.2. □ 

Corollary 5.11. Let G be a Lie group furnished with a bi-invariant semi-Rie- 
mannian metric g and x G G. Denote by Q the Lie algebra of G and by (■, ■) the 
ad-invariant scalar product on q corresponding to g. Then 

f)o[,(G')=ad([s,0])C5o(g, (-,■)). 

Proof. Following Proposition 15. 10( we first calculate go? which is the subspace in 
50(0, (-, ■)) spanned by {[Ag(X), Ag(F)] - K,{[X,Y])\X,Y e g} . For any Z G g, 

[A,(X),A,(F)](Z) - A,([X,r])(Z) = %Z]] - [F, - i[[X,F],Z] 

because U = By the Jacobi identity, [X, [F, Z]] - [F, [X, Z]] = [[X, Y],Z]. It 
follows that go is equal to ad([g, g]). 

Now Ag(g) = ad(g). Using that ad is a Lie algebra homomorphism, 

WxiG) = ad ([g, g] + [g, [g, g]] + [g, [g, [g, g]]] + ...)= ad([g, g]). □ 
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5.3.2 Isometry group contains a cover of the projective 
special linear group 

In this section, let M = (M, g) be a compact homogeneous Lorentzian manifold 
and assume that the Lie algebra of G := Isom°(M) contains a direct summand 
isomorphic to sl2(R). Let H be the isotropy group in G of some x G M. Clearly, 
M = G/H. 

First, we will investigate the isotropy representation of G/H in Section [5.3.2.11 
Later on, in Section 15.3.2.21 we describe the local geometry of the manifold M in 
terms of the holonomy and curvature of SL2(R), furnished with the metric given 
by a multiple of its Killing form, and of a compact homogeneous Riemannian 
manifold A^. Finally, we investigate the local geometry of central quotients of 
SL2(R) with the metric defined by a positive multiple of the Killing form of 
s[2(R) in Section 

5.3.2.1 Isotropy representation 

According to Corollary 11.211 and Theorem [H the Lie algebra of G decomposes 
clS db Kj— orthogonal direct sum Q = t(Ba(Bs, k being the induced bilinear form 
on g. Here a is abelian, t is compact semisimple and s = s[2(R). Moreover, k 
restricted to s x s is a positive multiple of the Killing form and the restriction of 
K to {t (B a) X {t (B a) is positive definite. 

Due to Proposition 15.11 it holds for the Lie algebra i) of H, that [) C ^ © a. 
Choosing m to be the K-orthogonal complement of fi in g as in the proof of 
Theorem [3 we have the reductive decomposition g = m © f). Note that s C m 
by definition. Therefore, m = p © s, where p is the K-orthogonal complement of 
f) in { © a. 



By Theorem [6], M is isometric to r\^A^ x SL2(R)j, where is a compact ho- 
mogeneous Riemannian manifold and S := SL2(R) is provided with the metric 
defined by a positive multiple of the Killing form of s = sl2(R). Also, G is a 
central quotient of C x S", where C is a subgroup of the isometry group of A^ 
acting transitively on A^. It follows from the proof of Corollary 15.31 that C can 
be identified with the subgroup in G generated by c := t © a. 

Let (■, ■) denote the Lorentzian scalar product on m corresponding to the metric 
on M. It follows from the construction, that m = p © s is (■, ■)-orthogonal and 
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(■, ■) restricted to s x s is a muhiple of the Kilhng form. The restriction to p x p 
is Riemannian and corresponds to the metric on A^. For this, we know that C 
acts transitively on and since C G G, the isotropy group Hq of the point x 
in N (remember that we can consider as a leaf in M; see Section I4.3.3P in the 
group C is contained in H. Moreover, since f) C c, it follows that the Lie algebra 
of He is f) as well. Thus, = C /He and c = p © [) is a reductive decomposition. 
Note that the Ad(iirc')-iiivariance of p follows from the fact that the latter space 
is the K-orthogonal complement of f). 

Proposition 5.12. In the situation described above, a decomposition ofm into a 
direct sum of irreducible Ad{H) -invariant subspaces is given by the (-, ■)-orthogon- 
al sum pi © . . . © pfc ©s, where the pj are irreducible subspaces of p. 

Especially, the space G/H is weakly isotropy irreducible if and only if M is iso- 
metric to SL2(R)/r. In this case, it is also isotropy irreducible. 
Proof. By Theorem El there is a uniform lattice Tq in 5* and a homomorphism 
g : Tq ^ Isom(A^), such that F is the graph of g. Remember that for an element 
(7; Qil)) e F, 7 is acting on the S'-part by multiplication from the right (see 
Section 11X3]). 

Denote p : N x S ^ M the covering given by the theorem. Let e be the identity 
element of S and 7 G Fq. Since C acts isometrically on A^, there is ip ^ C, such 
that g{'-y){x) = ip{x). Consider now the mapping ip^ : M ^ M defined by 

Due to Theorem |6l C centralizes F, therefore, ip^ is correctly defined. By con- 
struction, yj^ is an isometry and 

X = p{x, e) = p{g{i){x),-f) = p{ilj{x),-f), 

that is, ip^ E H. 

s is an ideal in g, especially Ad (if) -invariant, p is the (■, ■)-orthogonal complement 
of 5 in m, so it is Ad(-?i)-invariant as well. Thus, m = p © s is a decomposition 
into invariant subspaces. Since the restriction of (■, ■) to p is positive definite, we 
obtain by induction an orthogonal decomposition p = pi © . . . © p^^ into invariant 
irreducible subspaces. It remains to show that s is irreducible. 

Because G centralizes s, the adjoint action of C on s is trivial. It follows that 
Ad<^^|s = Ad;^, Ad"^ being the adjoint action of S. It follows that any Ad{H)- 
invariant subspace of s is also Ad'^(Fo)-invariant. But Ad'^(Fo) is Zariski-dense 
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in Ad'^(S') (cf. |OnVinOO] . Part I, Chapter 3, Theorem 1.2) and s contains no 
non-trivial proper ideals. Thus, s is irreducible. □ 

Remark. Note that the subspaces pj in Proposition 15. 121 are Ad(ifc')-invariant, 
since He C H. 

Proposition 15.121 shows the first part of Theorem [Hi 

5.3.2.2 Local geometry of the manifold 

Due to TheoremEl M is covered by the metric product M := N x SL2(R), where 
is a compact homogeneous Riemannian manifold and S := SL2(R) is provided 
with the metric defined by a positive multiple of the Killing form of s = 5(2(11). 

Since the local geometry of M and M coincide, it suffices to investigate the 
homogeneous space M. Let {x, f) & N x S be arbitrary. Because M is a metric 
product of the two homogeneous spaces S and N, we can decompose any v in 
T(^j)M uniquely into v = + vs, where vjy G T^N and vs G TjS. Also, for any 

u,v,w,z G T(^j)M, 

R{u, V, w, z) = R^{un, vn, wn, zn) + R^{us, Vs, Ws, Zs), 
Ric(M, v) = Ric^(u7v, v^) + Ric^ {us, fs), 
seal = scal^ + scal*^. 

Here , Ric^, scal^ and R^, Ric"^, scal"^ correspond to the homogeneous spaces 
A^ and S, respectively. 

According to the second part of Proposition 5.4 in |Ba09] . 

Hol(,j)(M) ^ Hol,.(Ar) X Hol/(S). 

Hence, [)ol(2,j)(M) = t)o[^.(A^)©P)olj(S'), where \:)olj.{N) and f)olj(S') are embedded 
canonically in f)o[(^j)(M). 

Thus, it remains to determine the curvature and holonomy algebra of 5*. 

5.3.2.3 Curvature and holonomy of the two-dimensional special linear 
group 

As above, let S := SL2(R) be furnished with the bi-invariant metric given by a 
positive multiple (■, ■) = AA; of the Killing form A; of 5 = s[2(R). Note that S" is a 
symmetric space. Choose x G 5 arbitrary. 
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Let {e, /, h} be an s[2-triple of s, that is, [h, e] = 2e, [h, f] = —2/ and [e, /] = h. 
The Kilhng form k with respect to the ordered basis (e, /, h) is determined by 
the matrix 

/O 4 0\ 

4 0. 
\0 8/ 

Using the ad-invariance of (■,■), we obtain {7 = 0, and by Proposition I5.8[ we 
have for X,Y E s: 

R{X, Y,Y,X) = -^{[X,Y],[X,Y])-\{ [X, [X, F]] , F) - i ( [Y, [Y,X]],X) 
= -1{[X,Y],[X,Y]) + 1{[X,Y],[X,Y]) + 1{[Y,X],[Y,X]) 
= \{[X,Y],[X,Y]). 

If {Xi,X2,X3} C s is a (AA;)-orthonormal basis, ej := Xk{Xj, Xj) for all j, then 
for any X G s. 



Ric(X, X) = J2 ejR{X, Xj, Xj, X) 
i=i 

= E-K-([x,[x,x,.]],x,) 

i=i 



EH-([x,x,-],[x,x,]) 



1A;(X,X). 



It follows that S is an Einstein manifold. We conclude 

3 



seal = EjRic^Xj, Xj] 



3 
4A' 



Note that S has constant sectional curvature K, since any connected Einstein 
manifold of dimension 3 has. If we consider E = span {e, /}, 



K = Kf 



([e,/],[e,/]) 



4((e,e)(/,/)-(e,/)2) -4 ■ (4A)2 8A- 

Due to Corollary I5.11[ the holonomy algebra of S is given by 

f)0[,(^) = ad([5,5])Cso(5, (-,■)). 

But s is semisimple, so ad([s, s]) = ad(s) = s is three-dimensional. so(s, (■, ■)) is 
is three-dimensional as well, therefore. 



f)0[,(^)= 50(5, (-,■)). 
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5.3.3 Isometry group contains a twisted Heisenberg group 

Throughout this paragraph, we assume that the Lie algebra of G := Isom°(M), 
M = (M, g) a compact homogeneous Lorentzian manifold, contains a direct 
summand s isomorphic to [)e^, A e Z^^. Let S be the subgroup generated by s 
and H be the isotropy group in G of some x G M. 

First, we will choose in Section 15.3.3.11 a slightly different reductive decompo- 
sition than in Section 15. 2^ which is adapted to the covering space 5* y<z{s) 
In Section r5.3.3.2[ we will investigate the isotropy representation of M = G/H. 
Before finally describing the local geometry of the manifold M in Section I5.3.3.4[ 
we describe the curvature and holonomy of twisted Heisenberg algebras furnished 
with the bi-invariant metric defined by an ad-invariant Lorentzian scalar product 
on its Lie algebra in Section 15.3.3.31 

5.3.3.1 Reductive representation 

According to Corollary 11.211 and Theorem [H the Lie algebra of G decomposes 
clS db Kj— orthogonal direct sum = s©€©a, k being the induced bilinear form 
on g. a is abelian and t is semisimple. Additionally, k restricted to s x 5 is an 
ad-invariant Lorentzian scalar product on s and the restriction to © o) x © a) 
is positive definite. 

Due to Proposition l5.lt it holds for the Lie algebra fi of H, that f) C ^(s) © € © a. 
By Theorem m sfl f) = {0}. Thus, we can consider the K-orthogonal complement 
m' of in 3(s) © t © a. Then m' is Ad (if) -invariant. Note that 3(3) C m'. 

s is an ideal in g and hence Ad(G')-invariant. It follows that m := s+m' is Ad{H)- 
invariant and complementary to P). Thus, g = m©P) is a reductive decomposition. 

By Theorem El M is isometric to T\(^S y<z{s) A^)? where A^ is a compact homo- 
geneous Riemannian manifold and S is provided with the metric defined by an 
ad-invariant Lorentzian scalar product on s. Also, G is a central quotient of 
•S" y<z{s) C, where C is a subgroup of the isometry group of A^ acting transitively 
on A^. It follows from the proof of Corollary 15.31 that G can be identified with 
the subgroup in G generated by c := 3(3) © t © a. 

Since G G G, the isotropy group He of the point x in A^ (remember that we can 
consider A^ as a leaf in M; see Section I4.3.3P in the group G is contained in H. 
Moreover, since f) C c, it follows that the Lie algebra of He is f) as well. Thus, 
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= C / He and c = m' © f) is a reductive decomposition. Note that the k.d{Hc)- 
invariance of m' follows from the fact that the latter space is the K-orthogonal 
complement of f). 

The metric on corresponds to an Ad(ifc')-invariant Riemannian scalar product 
(■, ■) on m'. Let p be the (■, ■)-orthogonal complement of 3(3) in m'. We obtain 
m' = 3(s) © p and m = s © p. 

Let (■, ■) denote the Lorentzian scalar product on m corresponding to the met- 
ric on M. It follows from the construction, that the direct sum m = 5 © p is 
(■, ■)-orthogonal and (■, ■) restricted to s x s is an ad- invariant Lorentzian scalar 
product. The restriction to p x p is Riemannian and equals (■,■)• 

Note that S furnished with the metric defined by the restriction of (■, ■) to s x s, 
is a symmetric space. 

5.3.3.2 Isotropy representation 

Proposition 5.13. In the situation of Section 15. 3. 3.1\ a decomposition of m 
into a direct sum of weakly irreducible Ad{H) -invariant subspaces is given by the 
(■, ■)-orthogonal sum s © pi © ... © p^, where the pj are irreducible subspaces of 
p. Furthermore, s is not irreducible, but cannot be decomposed into irreducible 
invariant subspaces. 

Especially, the space G/H is not isotropy irreducible. It is weakly isotropy irre- 
ducible if and only if M = S/V . 

Proof. By Theorem|6l there is a uniform lattice Fq in S/Z{S), such that F projects 
isomorphically to Fq. Remember that for [7,'?/'^] E T G S y<z(S) Isom^(5)(A^), 
[7, i!^] is acting on S Xz(s) N by 

[7,^7]([/'^]) ^ [/7, ^7(^)1 (see Section 

Denote by vr : 5 X2(5) — > M the covering given by the theorem. Let e be the 
identity element of S. Choose 7 G Fo-^(S') C S arbitrary and in Isom^(5)(A^), 
such that [7,'?/'7] G F. 

Since C acts transitively on A^, there is ip & C, such that ip-yix) = iplx). Consider 
now the map (f^:M^M defined by 



¥'7W[/,2/])):=^[(/7,^(l/))]- 
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Due to Theorem [6], C C Isom^(s)(A^) centrahzes F, therefore, ip^ is correctly 
defined. By construction, yj^ is an isometry and 

X = 7r([e, x]) = 7r([7, tp^ix)]) = 7r([7, tpix)]), 

that is, (p^ G H. 

s is an ideal in g, especially Ad(if)-invariant. p is the (■, ■)-orthogonal complement 
of s in m, so it is Ad(if )-invariant as well. Thus, m = s © p is a decomposition 
into invariant subspaces. Since the restriction of (■, ■) to p is positive definite, we 
obtain by induction an orthogonal decomposition p = pi © . . . ©p^ into invariant 
irreducible subspaces. It remains to show that s is weakly irreducible. 

Because C centralizes s, the adjoint action of C on s is trivial. It follows that 
Ad<^^|s = Ad;^, Ad'^ being the adjoint action of 5*. Since the adjoint action of the 
center is trivial, S/Z{S) acts on s through the adjoint action as well. We denote 
this action by Ad^^^^^\ 

Thus, any Ad(if)-invariant subspace of s is also Ad'^'''^'''^^(ro)-invariant. 

Let denote the nilradical of S/Z{S). N is isomorphic to He^/Z(Herf) = R^"*. 
Moreover, FoflA^ is a lattice in A^ (cf. [OnVinOO] . Part I, Chapter 2, Theorem 3.6), 
and To n A^ is Zariski-dense in A^ since A^ is simply-connected and nilpotent 
(cf. [OnVinOO] . Part I, Chapter 2, Theorem 2.4). It follows that any subspace of 
s invariant under Ad'^^^^'^-'(ro) is ad (f)e^) -invariant. 

Let i C s be a non-trivial, ad(P)C(^)-invariant subspace. If i C f)e^, it follows that 
Z E i and i is degenerate. Otherwise, T + X G i, X G f)e^. But [f)e^, T] is equal to 
the subspace generated by Xi, Yi, . . . , X^, Y^. Thus, all X^ and Y^, k = 1, . . . ,d, 
are contained in i -|- RZ. Applying ad(f)e(^)-invariance another time, we obtain 
Z G i, so i = s. It follows that s is weakly irreducible. 

Since f)e^ is an ideal in q, it is Ad(i7)-invariant. Thus, s is not irreducible. We 
have seen above that any non-trivial Ad(iy)-invariant subspace i C s contains 
3(s). Therefore, s cannot be decomposed into irreducible invariant subspaces. □ 

Remark. Note that the subspaces pj in Proposition 15. 131 are Ad(i/c')-invariant, 
since He C H. 
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5.3.3.3 Curvature and holonomy of a twisted Heisenberg group 

In the following, we consider a twisted Heisenberg group S furnished with the 
bi-invariant metric defined by an ad-invariant Lorentzian scalar product (-, ■) on 
s = f)e^. In this case, S' is a symmetric space. 

Let {T, Z, Xi,Yi, . . . , Xd, Yd} be a canonical basis of s. By Proposition I4.21[ all 
ad- invariant Lorentzian scalar products on s are equivalent. So without loss of 
generality, we may assume that {Xi, Yi, . . . , Xd, Yd} is (■, ■)-orthonormal, 

(T,T) = and (T, Z) = 1. 

Note that {Z, Z) = 0. 

Using the ad-invariance of (■,■), we obtain U = 0, and by Proposition 15. we 
have for X,Y E s: 

R{X,Y,Y,X) = -^-{ [X, y ] , [X, y ] ) - i ( [X, [X, F]] , F) - i ( [Y, [Y,X]],X) 
= -1{[X,Y],[X,Y]) + 1{[X,Y],[X,Y]) + 1{[Y,X],[Y,X]) 
= \{[X,Y],[X,Y]). 

Especially, the sectional curvature vanishes for non-degenerate two-dimensional 
subspaces of f)e^. 

Since 

R{X,Y,Y,X) = \{[X,Y], [X,Y]) = -^([X, [X,Y]],Y), 
it holds for any X G s, that 

Ric(X,X) = -^Tr(ad^) = -^A;(X,X), 
k being the Killing form of s. It follows that 

mc{x,Y) = -h{x,Y) 

for all X, y G 5. Especially, 

1 

Ric(X, Y) = and Ric(T + X, T + y) = - ^ 

k=l 

for all X, y G f)e^. Therefore, 

Ric(X) = 
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if X G f)Crf and 

fc=i 

It follows that the vector-valued Ricci tensor is totally isotropic. 

Furthermore, |^(T — Z), ^(T + Z), Xi, Yi, . . . , Xd, l^j is an orthonormal ba- 
sis with respect to (■, ■). Thus, the scalar curvature seal is given by 

1 

-(Ric(T + Z,T + Z)- Ric(T - Z,T - Z)) + ^(Ric(Xfc, X^) + Ric(n, n)), 

k=l 

which is identically 0. 

Due to Corollary 15.111 the holonomy algebra of S is given by 

WxiS) = ad([5,5]) = ad(f)ej C so(s, (-, ■)). 

The kernel of ad is exactly equal to the center of s, therefore, ad(f)e^) is a 2d- 
dimensional abelian subalgebra of so(s, (■, •)). 

5.3.3.4 Local geometry of the manifold 

We use the reductive representation of M given in Section 15.3.3.11 and use the 
same notations. For XGm = s©p, we will write X^ for the s-component and 
Xp for the p-component. 

Let {T, Z, Xi,Yi, . . . , Xd,Yd} be a canonical basis of s. By Proposition 14. 2H 
all ad- invariant Lorentzian scalar products on s are equivalent. Since the scalar 
product (■, ■) restricted to s x s is ad-invariant, we may assume without loss of 
generality, that {Xi, Yi, . . . , Xd, Yd} is (■, ■)-orthonormal, (T, T) = and (T, Z) = 
1. Note that also {Z, Z) = 0. 

Lemma 5.14. Let X, F e m. Then [X, F]m = [X^, Yg] + [Xp,yp]m' is a sum of 
commuting elements. 

Proof. The claim follows from [X, Y] = [X„ Y,] + [Xp, Fp] and [Xp, Fp] e c. □ 

For X G c = RZ © p © f], we will write Xz for the Z-component and for an 
element X G g = (RT G l)e^) © t © a, we will write Xt for the T-component. 

Definition. The map : m x m — )■ m is determined by 

2{V{X, Y),W) = {[W„ X,]z, Yt) + (X,^, [Wp, Y,]z) 
for all ly G m and for any X, F G m. 
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Remark. V is symmetric and bihnear. For all X,Y ^ m, V{X, Y) & p. 
Definition. In the situation above, we call the homogeneous space M special, if 



Lemma 5.15. In the situation above, the following is true: 

(i) M is special if and only if [p, p]^ = {0}. 

(ii) If M is special, N is covered isometrically by the metric product Z{S) x A^' 
and M is covered isometrically by the metric product S x N' . Here Z{S) is 
furnished with a homogeneous metric (which is unique up to multiplication 
with a constant), S is provided with the bi-invariant metric defined in the 
end of Section 15. 3. 3. 1\ and N' is a homogeneous Riemannian space. 

Proof, (i) If [p,p]z = {0}, the statement is obvious. 
Conversely, if V = 0, 



for all W,X ep. Because of (T, Z) = 1, [p,p]^ = {0} follows. 

(ii) As in Section 14.3.21 denote by O the distribution on M orthogonal to the 
orbits of S and let Z be the distribution defined by the action of Z{S). We 
consider iV as a leaf of the foliation defined by the involutive distribution O + Z 
(see Proposition 14.121) through the point x, as we did in Section 14.3.31 

Let v,w G Ox- Since M is a homogeneous space, there are X,Y G m, such 
that X{x) = V, Y{x) = w. Remember that X, Y are complete Killing vector 
fields defined by X{y) := |(exp(tX) ■ y)\ t=o for all y G M, Y is defined in the 
same way. Because O is orthogonal to the orbits of S and p is orthogonal to 
s, X, y G p. We have seen in the proof of Proposition 15.21 that any element of 
Isom°(M) preserves the orbits S and O. It follows that X and Y lie in O. 

Let us consider the vector- valued symmetric bilinear form u : O x O ^ s defined 
in the proof of Proposition I4.12[ For any y G M, Uy : Oy x Oy ^ s is defined as 



where proj^^ denotes the orthogonal projection to Sy = s and V and W are vector 
fields in O extending v and w, respectively. We have shown in the proposition 
that u takes only values in 3(5). But by (i), [p,p]z = {0}, so is trivial. Using 
that M is homogeneous, it follows that u is trivial, hence, O is involutive. 



V = 0. 



{[W,X]z,T) = 
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Now choose N' to be a leaf of the foliation defined by O through the point x. We 
furnish A^' with the induced metric of A^. Due to Corollary 15.31 (ii), lsomz(s)N 
acts transitively on A^. Clearly, Isom^(5)A^ preserves Zj^j by definition, so it also 
preserves O^- Thus, if an isometry in lsomz{s)N maps x to y E N' , it preserves 
A^'. It follows that A^' is homogeneous. 

Since the action of 5* is locally free by Corollary 14.61 and O = 5-*", any leaf of 
(9 in a neighborhood of y G M is given hj f ■ Ny for some / G 5* and N'^ being 
the leaf of the foliation defined by O through y. Thus, the image of the map 
p : S X N' ^ M, (/, ?/) i-> / • is open as well as the complement of the image of 
p in M. But M is connected and the image is non-empty, hence, p is surjective. 

By construction of the metric on S Xz(s) — )■ S ■ x C M is an isometric 
covering. It follows that p is a local isometry. Because S* is a symmetric space and 
A^' a homogeneous Riemannian space, both manifolds are geodesically complete. 
Thus, S" X A^' is geodesically complete as well. Using that p is surjective and 
locally isometric, p is a Lorentzian covering map. 

If we restrict p to Z{S) x A^', its image is contained in A^. But the action of 
Z{S) is locally free, so any leaf of On in a neighborhood of ?/ G A^ is given by 
/ ■ N'y for some / G Z{S) and A^^ being the leaf through y. Thus, the image 
of the restriction of p is open as well as the complement of the image is open 
in A^. But A^ is connected and the image is non-empty, hence, the restriction 
p\z{s)xN' '■ Z{S) X N' ^ N is surjective. The metric on Z{S) is determined by 
pulling back the metric of an Z(S')-orbit of A^. Because the action of Z{S) is 
isometric, this metric makes Z{S) into a homogeneous space. □ 

Remark. As a converse of Lemma 15.151 if A^ is covered isometrically by the 
metric product Z{S) x N' and the action of Z{S) is defined as the action on the 
Z( 5) -component, it is easy to see that M will be special. 

Note that A^' in Lemma [5. 151 does not have to be compact. For example, a leaf of 
the orthogonal distribution of a S^-action on a two-dimensional torus lies dense 
if the homogeneous metric is chosen appropriately. 

Proposition 5.16. Let X,Y Em. Then 

U{X,Y) = U''{X„Y,) + V{X,Y). 
Here corresponds to the homogeneous space N . 
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Proof. Let W & m. Since f)c^ is (■, ■)-orthogonal to p, 

{[W„X,],Y,) = 0. 

Also, 

{[W„X,U,,Y,) = {[W,,X,]z,Yt). 

Because of (Yp)z = 0, 

Since (-, ■) is ad(s)-invariant, {[Ws,Xs],Ys) + (X^, [Wa,^^]) = 0. Using the defini- 
tion of U, it follows with Lemma 15.141 that 

2(f/(X, Y),W) = {[W, XU, Y) + (X, [W, YU) 

= {[W„X,] + [Wp,Xp]m>,Y, + Yp) 

+ {X, + Xp,[W„Y,] + [Wp,YpU) 

= {[W„X,],Y,) + {X„[W„Y,]) 

+ {[Wp,XpU,,Yp) + {Xp,[Wp,YpU) 

+ {[Wp,Xp]z,YT) + {XT,[Wp,Yp]z) 

= 2{V{X, Y),W) + {[Wp, XpU, Fp) + (Xp, [Wp, YpU) 

= 2(f/^(Xp, Fp), Wp) + 2(V(X, Y),W). 

Since (f/^(Xp, Fp), Z) = 0, it follows that U^{Xp,Yp) G p. Using that V{X,Y) 
in p as well, we see that 

2{U{X,Y),W) = 

ifWes and 

{U{X, Y),W) = (t/^(Xp, Yp), W^) + (\/(x, r), W) 
if e p. The result follows. □ 

Proposition 5.17. Let X, F G m. Then 

R{X, Y, Y, X) = R^{X„ Y„ y„ X,) + i?^(Xp, Fp, Fp, Xp) 

- i([Xp, [X„YpUz,Yt) - 1{Xt, [Fp, [Yp,XpUz) 
+ ^([Xp, Fp]^, [Xp, Yp]z) + 2(F(X, r), t/^(Xp, Fp)) 
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+ F), V{X, Y)) - {V{X, X), V{Y, ¥)) 

- (v(x,x),f/^(yp,Fp)) - (f/^(x„x,),\/(F,y)). 

Here and correspond to the homogeneous spaces S and N . 
Proof. We investigate the terms appearing in Proposition 15.81 separately. 
Using Lemma [5. 141 and the (-, ■) -orthogonality of f)C^ and p, we have 

=([x„y,], + ([Xp,rpW, [Xp,rpW) - ([Xp,yp]^, [Xp,rp]^), 

where in the end we used that Z is orthogonal to p in both metrics, but (■,■)- 
isotropic. 

Because of {Y^)z = 0, an easy calculation similar to the ones before yields 

([x,[x,F]„]„,r) 

= ([X„ [X„n]],n) + ([Xp, [Xp,Fp]„,]^,,Fp) + ([Xp, [Xp,Fp]^,]„,,Fr) 

=([x„ [x„r,]],r,) + ([Xp, [Xp,FpW„,,yp) + ([Xp, [x,,y,]^,]z.Yt). 

Because (■, ■) is ad(fi)-invariant, 

(rr,[[Xp,Fp],,Xp]) = ([rr,[Xp,rp],],Xp) = 0. 

Therefore, (F, [[X,y]^,X]) = {Y^, [[Xp, Fp]^, Xp] J. 

Finally, for the ?7-terms in Proposition 15. 8[ we use Proposition 15.161 and the 
fact, that the image of V lies in p. The result now follows by summing up the 
corresponding terms. □ 

Corollary 5.18. For X, y G f^e^ C 0, i?(X, F, Y, X) = 0. 
Proof. By Proposition 15. 17[ 

i?(X, Y, y, X) = R'iX, Y, Y, X) + (\/(X, F), \/(X, Y)) - (V(X, X), Y)). 

We have seen in Section [5X331 that R^{X, Y, Y, X) = 0. Also, it is obvious that 
V{X, F) = for any X, F € ()e^ C m. Thus, R{X, Y, Y, X) = 0. □ 
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Corollary 5.19. Suppose M is special. Then for X^Y G m, 

As above, and correspond to the homogeneous spaces S and N. 

Proof. The claim follows directly from Lemma 15.151 and Proposition I5.17[ □ 

Proposition 5.20. Let {Wi, . . . , Wm} be any orthonormal basis ofp and X G m. 
Then 

Ric(X,X) = Ric^(X„X,) + Ric^(Xp,Xp) - ^J:^(f/^(Xp, Z), [/^(Xp, Z)) 



- - J2{Xt, [W„ [W„ X,Uz) + - 5^([Xp, W,]z, [Xp, W,]z) 

m ^ m 

+ 2 ^(X^, [f/^(Xp, Wj), W,]z) + {{Xt, m, W,]z)Y 



4 

i=l j,k=l 



m 



-Y.{Xt. [U''{W,,W,),X,]z) 
i=i 

Here Ric"^ and Ric^ correspond to the homogeneous spaces S and N. 

Proof |-L(r - Z), ^(T + Z), Xi, . . . , Xrf, F,, l^i, . . . , ly^} is a basis of m 
being (-, ■) -orthonormal. By definition, 

Ric(X, X) = - ^R{X, T-Z,T-Z,X) + ^R{X, T + Z,T + Z,X) 

d m 

+ 5^(i?(x, X,, x„ X) + i?(x, r,, r,, x)) + J] i?(x, ly,, ly,, x). 

i=i i=i 

We will treat the terms involved in Proposition 15.171 separately. For any basis 
element F, 1^ = or Yp = 0. Furthermore, Yp 7^ if and only if F = Wj for 
some j. Also, 



is an orthonormal basis for m' with respect to (■, ■). So by definition, 

^ m 

Ric^(Xp,Xp) = — — /2^(Xp,z,z,Xp) + V/?^(Xp,py,-,py„Xp). 
i^>^J ,=1 
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Since Z lies in the center, U^{Z, Z) = 0. So using Proposition [5]8l it follows that 

i?^(Xp,Z,Z,Xp) = (f/^(Xp,Z),f/^(Xp,Z)). 

This allows us to calculate the corresponding sum of the terms in Proposition [5]T7] 
not involving a V^-expression. 

Because of 1^ = or Yp = for any basis element Y, V{Y, Y) = 0. By definition, 

{V{X,X),W) = {[W,X,U,,Xt) 
for any W & m' and for all 1 < j < m, 

(ViX, W,), f/^(Xp, W,)) = (Xt, [f/^(Xp, W,), W,]z). 

If y is a basis element in s, 

2{y{X,Y),W) = {[W,,X,]z.Yt) 

for all W em. Thus, 

V{X, r) = if F G fie^ and V{X, T - Z) = V{X, T + Z). 

It is easy to see that 

1 

k=l 

Therefore, it holds 

1 

{V{X, Wj), V{X, W,)) = - 5^((Xt, [W„ W,]z)f 

k=l 

for all j . This finishes the consideration of the terms in Proposition 15.171 involving 
a l^-expression. □ 

Corollary 5.21. Let {VTi, . . . , Wm} he any orthonormal basis of p. 
(i) IfX,Ye i)ta, Ric(X,r) = and 

d ^ m 

Ric(T + X, T + F) = - ^ + - ^ ((T, [W,, W,]z)f > 0. 

k=i j,k=i 
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(ii) The vector-valued Ricci tensor is totally isotropic if and only if 

m 

Ric^(X, X) = ^^{U'^iX, Z), t/^(X, Z)) - - W,]z, [X, W,]z) 

m 

and J] [W,,XU - 4[f/^(X, W,), W,] + 2[f/^(iy,., W,),X]]^ = 

for all X ^ p. In this case, we have for all X G m, that 

^ m 

Ric{X,X) = Ric^(X„X,) + {{Xt, m,W,]z)f. 

j,k=i 

Proof, (i) This directly follows from Proposition 15.201 and the results of Sec- 
tion 

(ii) Assume that the image of the vector-valued Ricci tensor is a totally isotropic 
subspace of m. Since (■, ■) is a Lorentzian scalar product, it follows that the 
image of Ric has dimension at most one. By (i), Ric(X, F ) = if X,Y E f)e^. 
Therefore, if X G l)ta, Ric(X) is (■, ■)-orthogonal to i)c^, that is, 

Ric(X) G RZ © p. 

Because of Ric (T,T) > and due to the totally isotropic image of the Ricci 
tensor, the image of Ric is equal to HZ. Hence, Ric(X, X) = for all X G p 
(which proves the first equation) and Ric(T + X, T + X) = Ric(X, X) for all 
X G p (which proves the second equation). 

Conversely, if both equations are fulfilled, it holds 

^ m 

Ric(X,X) = Ric^(X„X,) + {{Xt, m, W,]z)f 

j,k=i 

for all X G m by Proposition l5.20l Using the results of Section [5.3.3.3[ we see that 
for any X G m, Ric(X) = unless Xy 7^ 0. Thus, the image of the vector-valued 
Ricci tensor is contained in HZ, especially totally isotropic. □ 

Corollary 5.22. In the situation of this section, the following is true: 
(i) M is not Ricci- flat. 
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(ii) If M is special, 

Ric(X, Y) = Ric^(X„ Y,) + Ric^(Xp, Fp) 

for all X,Y E ra. In this case, the vector-valued Ricci tensor is totally 
isotropic if and only if N is Ricci-flat, that is, flat. 

Proof. The first part follows from Corollary 15.211 (i). For the second part, note 
that [p,p]z = {0} due to Lemma 15.151 (i). Hence, by Proposition 15. 20^ 

Ric(X,X) = Ric^(X„X,) + Ric^(Xp,Xp) - — 1— (f/^(Xp, Z), f/^(Xp, Z)). 

For all W G m', 

2(t/^(Xp, Z),W) = {[W, x,u,, Z) + (Xp, [W, Z]^.) = 0, 
because Z lies in the center and [p,p]m' ^ P is orthogonal to Z. Thus, 
Ric(X, Y) = Ric^(X„ X,) + Ric*^(Xp, Xp) 

for all X G m. 

By Corollary 15. 2 II (ii). Ric is totally isotropic if and only if the two equations given 
in the corollary are fulfilled. The second one is true because of [p, p]z = {0}, the 
first one is now equivalent to Ric^(X, X) = for all X G p. 

Using U^{Z, Z) = and Proposition 15. 8[ it follows that 

i?^(X, Z, Z, X) = (f/^(X, Z), U^{X, Z)) = 

for all X G m'. Thus, Ric^(Z, Z) = 0, which finishes the proof. Note that any 
homogeneous Riemannian manifold that is Ricci-flat, is also fiat. □ 

Proposition 5.23. Let {Wi, . . . , Wm} be any orthonormal basis of p. Then the 
scalar curvature is given by 

seal = scal^-^^ ^(^^(ly,-, Z), f/^(iy„ Z)) + ^ {[Wj, W,]z, [W„ W,]z). 
Here scal^ denotes the scalar curvature of the homogeneous space N. 
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Proof. For the calculation of the scalar curvature, we choose the (■, ■)-orthonormal 
basis [j^{T-Z),j^{T + Z),X,,Yu...,Xd,Yd,Wi,...,Wm]. 

Because of Corollary 15.211 (i), 

Ric(X, X) = if X G i}td and Ric(T + Z,T + Z) = Ric(T - Z,T - Z). 
Using Proposition 15.201 

m ^ m 

seal = Ric^(W^., W,) - — — Z), [/^(W^,, Z)) 

j=i y ' > j=i 

q m 
j,k=l 

1 1 ™ 

^Ric^(Z, Z) - ^ Y.iU'^i^^^ ^''(^^•' ^)) 



=scal^ - 



3 



Now 



Ric^(Z, ^) = ^ R^iZ, Wj, Wj, Z) = Y^ R^iWj, Z, Z, Wj). 
j=i i=i 

Using the fact that Z lies in the center, U{Z, Z) = 0, and by Proposition 

i?^(X, Z, Z, X) = (f/^(X, Z), [/^(X, Z)) 
for X G p. The claim follows. □ 

Corollary 5.24. If M is special, seal = scal^. 

Proof Due to Lemma ISTTSl (i). [p,p]z = {0}. So for all G m', 

2(f/^(Xp, Z), W^) = ([W^, Xp],,, Z) + (Xp, [l^, ZU) = 0, 

because Z lies in the center and [p,p]m' ^ P is orthogonal to Z. The claim now 
follows immediately from Proposition 15.231 □ 

We conclude with determining the holonomy algebra of M in the special case, 
that M is special. 
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Proposition 5.25. Let M be special andx E N d M as in Section {5.3. 3.1\ Then 
\)0{^{N) C 5o(p, (■,■)), so there is a natural injection \)o\j.{N) — )■ so(m, (■, ■)). 
Also, ad(f)ej^) C so(m, (■, ■)). The holonomy algebra of M is then determined by 

WAM) = ad([)e,) © WAN) C so(m, (-, ■)). 

Proof. We know already, that (■, ■) restricted to s x s is ad(s)-invariant. But p 
commutes with s and is orthogonal to s, thus, (■, ■) is ad(s)-invariant. Especially, 
ad(fiej C5o(m, (-,■)). 

By Proposition 

WAN) = m'o + [An,.(m'),m'o] + [Am'K), [Am'K),m'o]] + . . . , 
where ttlq is the subspace in so(m', (■,■)) spanned by 

{[A„,(X), A„,(r)] - A^i[X,YU) - ad[x,y], \X,Yem'}. 

Now 

A^iX)Y = ^[X, Y^, + f/^(X, Y) 
for all X,Y em'. Using 

2(f/^(X,F),Z) = {[Z,XU,,Y) + (X, = 0, 

we have U'^{X,Y) G p, and it follows from the first part of Lemma [5.15[ that 
[m',m']n,/ C p. Thus, Am'{X)Y G p for all X,Y e m'. 

Since Z lies in the center and U^{X, Z) = for all X G m' as shown in the proof 
of Corollary [5211 K'iX)Z = 0. Hence, A,v(m') C so{p, (-, ■))• 

For any X,Y,W em', 

([[X, Y]^,, W],Z) = -{W, [[X, Y]^,Z]) = 

because (■,■) is ad(f))-invariant. Therefore, ad[x,y]^, which annihilates Z, is in 
5o(p, (■, ■)) as well. We conclude that f)o[^.(X) C so(p, (■,■)), so there is an in- 
jection l)ol^{N) — )■ so(rri, (■, ■)) using the canonical injection of so(p, (■,■)) into 
so(m, (-,■)). 

For all X, r G m, 

A„(X)y = i[X, YU + U{X, Y) = A,(X,)F, + A„,(Xp)yp 
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by Lemma 15.141 and Proposition 15.161 and because of 1^ = 0. Additionally, we 

have [X,Y\ = [X,,Y,]^. 

We have seen in Section I5.3.3.3[ that the holonomy algebra of 5* is given by 
ad([)e^). The required result now follows from Proposition 15.101 □ 

5.3.4 Isotropy representation and Ricci-flat manifolds 

Propositions 15.121 and 15.131 show Theorem [HI 

Also the proof of TheoremlHlis now immediate: Due to the results of Section l5.3.21 
a compact homogeneous Lorentzian manifold M is not Ricci-flat, if the Lie alge- 
bra of its isometry group contains a direct summand isomorphic to 5l2(lR')- By 
Corollary 15. 2H the same is true in the case of a direct summand isomorphic to 
f)c^, A G Z!^. So by Theorem El Isom°(M) is compact. 
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Complete Jordan decomposition 



Let V he a. real vector space and g C QiiV) a semisimple subalgebra. In the 
following, we will introduce a Jordan-type decomposition of elements of g: 

Proposition A.l. For any X E Q, there are commuting elements E,H,N G Q, 
such that X = E + H + N , E and H are semisimple with only purely imaginary 
and real eigenvalues, respectively, and N is nilpotent. We call this the complete 
additive Jordan decomposition. 

Moreover, X is nilpotent or semisimple with only purely imaginary or real eigen- 
values, respectively, if and only if a.dx is nilpotent or semisimple with only purely 
imaginary or real eigenvalues, respectively. 

Proof. We follow |Hel92j . Chapter IX, Paragraph 7. According to Lemma 7.1, 
there is a unique decomposition 

exp(X) = ehu 

with commuting elements e, h, u in GL(y) and e is semisimple with all its (com- 
plex) eigenvalues having modulus one, h is semisimple with only positive eigen- 
values and {u — idy) is nilpotent. This decomposition is called the complete 
multiplicative Jordan decomposition. The Further Result A. 6 at the end of Chap- 
ter IX states that e, h^u are contained in the adjoint group Int(g). 

Using the usual additive Jordan decomposition of A, we can write X uniquely 
as a sum 

X = E' + H' + N' 
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of commuting elements E',H',N' G Qi{V), where N' is nilpotent, E' and H' are 
semisimple and have purely imaginary or real eigenvalues only, respectively. (If 
J G GL(l^) such that JXJ~^ is in Jordan canonical form, take JN'J^^ to be the 
strictly upper triangular matrix, JE' and JH'J^^ to be the imaginary and 
real part of the diagonal, respectively.) 

Then e' := exp{E'), h' := exp{H'),u' := exp(A^') commute and 

exp(X) = e'h'u. 

Clearly, e' and h' are semisimple and all its eigenvalues have modulus one or are 
positive, respectively, and {u' — idy) is nilpotent. By uniqueness of the multi- 
plicative Jordan decomposition, 

e = e', h = h' , u = u . 

Lemma 7.3 and the subsequent remark assert that e, h, u are contained in one- 
parameter groups of Int(g), so 

e = exp(i?), h = exp(if), u = exp(A^) 

with E,H,N G Q. From the proof of Lemma 7.3 it is clear that 

H = H'. 

Since u = u', exp(A^ — A^') = idy. But — A^' is nilpotent, therefore 

N = N'. 

Thus, also 

E = E'. 

In summary, we have shown that for any X G 0, the elements of its complete 
additive Jordan decomposition are in g as well. 

It is clear that adx is nilpotent if X G is nilpotent. The following is an adapta- 
tion of the proof of Lemma 2 in |Bo07j . Paragraph 5.4. Let X G g be semisimple, 
such that its eigenvalues Ai, . . . , Aj are all purely imaginary or real, respectively. 
Let vi,...,Vj be corresponding eigenvalues in V^*", the complexification of V. 
Consider the basis {Mfc/}^j^^ ■ of QiiV) defined by 
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for all k, I, m. Then 
Therefore, 

adx(MM) = (Afc - Xi)Mki, 

so adx is semisimple with only purely imaginary or real eigenvalues, respectively. 
So if 

X ^ E + H + N 
is the complete additive Jordan decomposition oi X & q, 

adx — SidE + Sidn + adjv 

is the one of adx- Since Q is semisimple, the adjoint representation of q is injec- 
tive. Thus, X e g is nilpotent or semisimple with only purely imaginary or real 
eigenvalues, respectively, if and only if adx is nilpotent or semisimple with only 
purely imaginary or real eigenvalues, respectively. □ 
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